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CHAPTER IV

Effect of Magnetic Field on Stratified Shear Flows
4.1 Introduction

Stability of stratified shear flows of an inviscid, incompressible fluid is of
interest in meteorology and oceanography. Stability of stratified shear flows playa
vital role in various problems of fluid dynamics, atmospheric and oceanic physics,
astrophysics, and other areas of knowledge. The linear stability of a stratified plane
parallel shear flow of an inviscid incompressible fluid has been studied extensively by
many authors namely Drazin and Howard (1966), Miles (1958), Yih (1980) and
Pellacani (1983).

Farrell and loannou (1993) studied transient development of perturbations in
inviscid stratified shear flow. Graham (1978) studied about non-parallel shear flows
of an inviscid, incompressible, stratified fluid and considered a stability analysis in
terms of the possibility of complete mixing within a horizontal layer of thickness.
Parhi and Nath (1991) made the linear stability analysis of a stratified shear flow of a
perfectly conducting fluid in the presence of a magnetic field aligned with the flow,
buoyancy forces under Boussinesq’s approximation taken into account and modified

Hoéiland’s criterion for hydrodynamic case to magneto-hydrodynamic case.

Padmini and Subbiah (1995) studied the problem on linear stability of
inviscid, incompressible non-parallel stratified shear flows to normal mode
disturbances. In this paper, the work of Padmini and Subbiah (1995) is extended to
examine the effect of uniform horizontal magnetic field. The stability of the flow is
analyzed using normal mode approach and the analysis is restricted to long wave

approximation.
4.2 Flow Description and Basic Equations

We consider the motion of an electrically conducting inviscid, Boussinesq

stratified fluid confined between two horizontal infinite plates of variable density p(X,

y, Z, t) situated at y = + L. A uniform magnetic field B = (B,, 0, B, ) is applied
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Fig 4.1: Magnetic stratified shear flow

In the present work, the following assumptions are made:

Flow of a Newtonian fluid is considered, which is unsteady, inviscid and
laminar in nature.

Flow is between two horizontal rigid boundaries.

No slip boundary conditions are imposed at the boundaries.

Boussinesq approximation is applied in the momentum equation.

All fluid properties are assumed constant except that the density is
considered to vary with vertical co-ordinate z in the application of
Boussinesq approximation.

The effects of dissipation and diffusion are neglected

Only two dimensional disturbances are considered.

The basic flow is assumed as G, =(U(y),0,W(y))

A uniform magnetic field B = (B,, 0, B, ) is applied
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The governing equations of the system are

V.g=0 (4.1)

T+@Vg= "2y VxHxH (42
Po Po

pr + (@V)p =0 (4.3)

VH=0 (4.4)

with the boundary conditions
q=0 ony=+L (4.5)
where ¢ is the velocity vector, p the density, p the pressure, g the acceleration due to

gravity, § the unit vector in the vertical direction, H the magnetic field and p, the

mean density. Magnetic induction equation is given by

—

dH _ 277 — T4
—=nV?H+ Vx (4 x H) (4.6)
where 1 = —4; the magnetic resistivity of the fluid.

We introduce the non-dimensional quantities

4 = ug,
(x,y,2) = L(x*y*7%)

P = pUp*

*
¢ =

UO
H = HH*
AN

o = %;No)p* (4.62)
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Substituting these nondimensional quantities in equations (4.1) — (4.5) and removing
asterisks for convenience, we get
V.q=0 4.7)

M 4+@GVG=-Vp-Rigy+ S(UVxH)xH (48)

pe + (G.V)p =0 (4.9)
V.H=0 (4.10)
ﬁ _ i 2 - - -
5t = anV H+ Vx(q x H) (4.11)

The related boundary conditions in dimensionless form are

q=0 ony=+1 (4.12)

The condition for the flow to be at equilibrium is given by

—0po
oy

= Rip, (4.13)

The dependence of the problem on the material properties has been reduced to
the dimensionless parameters such as magnetic pressure number S, magnetic
Reynolds number Rm and Richardson number Ri and are given by

uH3 LU, ._ —gdp
Mo pm= b Ri=28% 4.14
pUG’ m n’ ' p dy ( )

S =
The perturbed flow variables are taken as U(y) + u,v,W(y) +w, po(y) +p ,
po(y) + p and (H, + h,, 0, H, + h,). Hence, the linearized perturbation equations
for infinitesimal normal modes of the form f(y) el(*klz=ket) = \yhere k is the
longitudinal wave number, | is the transverse wave number and o is the complex

wave velocity are obtained as

. ov _
1k[u+lw]+5—0

(’U—;” = ik(—p + SH,(lhy — h,))

ik(—c + U(y) + lW(y))u +v.—

. a . dhy dh,
1k(—0 + U(y) + lW(y))v = —0—5— Rip— S<(Hxa_y+ H, 6y) —

ikhyHx+1Hz

ik(—o + U(y) + 1 W())w + v.‘w;—g) = ik(—Ip + SHy(h, — Ihy))
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1k(—0 + U(y) + lW(y))p — —V =0

ik(hy + Ihy) + 52 =0

. 02 . d
(—1k0 - ﬁ (—kz(l +12) + W)> hy = ikl(uH, — wHy — W(y)hy + U(y)h,)- Hxa—V

+2-(Uhy)
(—lkc - ( K2(1+12) + - )> hy = ik ((HX +1H)v — hy (U(y) + 1W(y)))
(—11«; -— ( K2(1+12) + - )) h, = ik(wH, — uH, + W(y)h, — U(y)h,) —

H, 5%+ = (W(y)h,) (415)

The corresponding boundary conditions are
u=v=w=0 ony==%1 (4.16)

4.3 Analysis

The analysis is restricted to long waves (i.e) k is assumed to be small and the
flow is assumed to be bounded between two plates y = + 1. Basic velocity profile is
taken to be U(y) = W(y) = y. Hence equation (4.15) takes the form

ik(u+lw)+g—;= 0
ik((1 + Dy —o)u+v = ik(—p + SH,(Ihy — h,))
ik((1+ Dy —o)v= —3—5— Rip—5<(H %+Hz ay)
ikhyHx-+1Hz
ik((1 + Dy — o)w + v = ik(—lp + SH,(h, — 1h,))

ik((1+Dy—o)p— —V =0
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. dh,
ik[hy + Thy] + =0
. 02 . [7]
(—lko —— (k21 +12) + a—y2)> hy = ikI((WH, — uH,) + y(h, — h))—H 3+

2
y.% +hy <—ikcs - (—k2(1 +12) + a%)) hy = ik{(Hy + IH,)v — yhy(1 + 1)}

m

—iko = — (=K2(1 +12) + =) | h, = ik{(wHy — uH,) + y[hy —h, [} = H, 2 +
RM ayz zZz X Z y X Z Zay

dh
yor +hy (4.17)

By assuming the series expansions with respect to k in the form f = f, + kf; + k2f, +
-+~ where f = (u,v,w, 0, p, hy, hy, h,) and substituting into equation (4.14) and
collecting the coefficients of like powers of k, we get

0 (k%)

. . av,
1u0+1lwo+a—;= 0

iT(y)ug + v = —ipy

_ %o _ pig =
3y Ripy=0

iT(y)wo + vy = —ilpg

N

2
iT(Y)Po —FzVo =0 (4.18)

dhyo

6y:0

ihy + ilh,g +

1 02hxo) _ . . aVO
Rm( o ) = ilwoHy + ilugH, — Hy 3y

1 (0°h : .
_E( 6y§0) = [iHy + ilH,]v,
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1 (8%h, . . G|
_E( ayzo) = jwyH, — iugH, — H, =2 (4.19)

ay
where T(y) = (1 + Dy — o,
O(k')
. . ovy _
1u1+1lwl+a—y— 0
—iGluo + lT(y)ul + vV, = _l(pl + SHZ(thO - hZO))
dpy , _ Ohyo | dhgg
B Rip, = SH ( - +W)
—ioywo +iT(y)wy + v4 = —i(lp; + SHy (hyo — lhyg))
. . NZ
iT(y)p1 —i01pg — N_(z)V1 =0 (4.20)
, , oh
lhxl + llhzl + a;1 = 0
1 [0%hy . .
i (G) = i+ H,)uy —iT(hyo + hyo
1 (0%h . .
— 2= (F2) = i(H + H,)v; = T3y
1 (0%h, . .
-+ (T) = i(Hy + IH,)w; —iT(y)hyo + hyo (4.21)
0(k?)

iw, + i A
iu, + ilw, + oy =0

i(T(y)uz — oup —oquy) + v, = _i(pz + SH,(lhy, — hzl))

. a . dhy oh,
iT(y)vy = —aiyz — Rip, — SH, ayl — SH, ayl

i(T(y)wy —o,wp — 03Wy) + v, = —i(lpz + SHy(hy; — lhxl))

. N2
i(T(y)pz — 02p0 — 01p1) — N_(z)VZ =0 (4.22)

dhy,
ay

ihXZ + ilhzz + =0
1 (8%hg (1 . .
T o (?22) —1 (E (1 + 12) - 161) th = 1((HX + le)Uz - T(Y)hxl) + hyl

Rm

1 (0%h . i
(T2 = iy + v, — Ty
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o (522) = i (5 (14 1) = 0 hyg = i((Hy + IH)w, = T(y)has) + by
(4.23)
The boundary conditions (4.16) reduces to
Up=u, =u, =0, vo=v; =v, =0, wo=w; =w, =0 (4.24)
Equation (4.18) can be solved to obtain

vo = A(T(y))™ + B(T(y))™2

N0(1+l)i\/N(2)(1+1)2—4 Ri N2(1+12)

where m, , = 2 No(LtD)

A and B are arbitrary constants of integration. To determine the arbitrary
constants, we impose the boundary condition that the velocity should vanish at the

boundaries (i.e) vp = 0 aty = + 1, yields

(A+D=00)™  (A+1D)—00)™ | _
(=@ +1D)—0p)™ (=(1+1D—0y)™

From which the value of g is obtained as

2nTui
1+eMm1—Mm2

o= (1+1) (4.25)

2nTri
1—eMm1-m2

The solution of equations (4.18) and (4.19) is given by
up = CsT(y)™ ™ + CeT(y)™2 ™!
vo = T(y)™ + BT(y)™?
wo = C,T(y)™ ™ + CgT(y)™21
po = CT(y)™ + C,T(y)™?

po = C3T(y)™ ™ + C,T(y)™2!

hyo = —Rm(Ci3T(y)™*! + C1, T(y)™2 ")
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hyy = —Rm(CoT(y)™*2 + C10T(y)™2*2)

hyo = —Rm(C17T(y)m1+1 + C18T(Y)m2+1) (4.26)

By solving equation (4.20) the second approximation of o can be obtained as

SRmC
01 = 46

" RiC47—Cyg (4.27)

Solving differential equations (4.20) and (4.21) with the corresponding boundary

conditions, we obtain

u;(y) = 01 ((—RiCgs + Cgg) T(y)™7% + (—RiCgy + Cgg) T(y)™27%)
T(y)™ ! +(_SRmC80 + 01 (RiCgy — Csz))T(Y)mz_l +
SRm(Cg3T(y)™* + CgsT(y)™2)

vi(y) = 01((—Riczs + c0)T(y)™1 ™1 4+ (—RiCy; + C21)T(Y)m2_1)
+(—S RmCy3 + 01 (RiCyy — Cy45) ) T(y)™
+(=SRmCs6 + 04 (RiC37 — C35) ) T(y)™2
+SRM(Coe T(Y) ™1+ + CpT(y)™2*)

w1 (y) = 61((—=RiCq; + Cog) T(y)™* ™% + (=RiCyq + C100) T(y)™27?)
+(—SRmCgg + 61(RiCoy — Co1))T(y)™1 71
+(—S RmCo; + 61 (RiCq3 — Coy) ) T(y)™2 1
+SRm(Cos T(y)™ + Cos T(y)™2)

p1(y) = 01((=Ri Cs7 + Csg) T(y)™ ™% + (—RiCs9 + C6o) T(y)™27?)
+(=SRm Cy9 + 61(RiCso — Cs1)) T(y) ™12
+ (=SRm Cs, + 6, (RiCs3 — Cs,)) T(y)™272
—S Rm(CssT(y)™ + C56T(y)™2)

P1(y) = 61((—RiCy3 + C7)T(Y)™ ™" + (=Ri C75 + C76)T(y)™> 1)
+(=SRmCgs + 01 (RiCeq — Cg7) ) T(y)™
+(—=SRmCeg + 01 (RiCgg — C70)) T(y)™?
+S Rm(Cy; T(y)™1 %1 + C,, T(y)™2*1)

hy; (y) = Rm(01((C115 — RiCy16) T(¥)™ + (C117 — RiCy18) T(y)™2)
+(SRMCy19 + 61(—RiCyp0 + Cy121)) T(y)™*1
+ (SRMCy45 + 01(—RiCyp3 + Ci24)) T(y)™2*1
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+SRM(C1p5T(y) ™ *2C26 T(y)™242)
+ Rm(Cy2,T(y)™+* + Ci6T(y)™2*))
hy;(y) = Rm(o;((RiCygq — C110)T(M™*! + (RiCy1q — Cy12) T()™2)
+(SRmC101 + 61 (—=RiCyp; + C103)) T(y)™+?
+(SRMCy4 + 61(—RiCyg5 + Cy06) ) T(y)M2+2
—~SRmM(Cy07T(y)™*3 + C15T(y) M2*3) +
+A7C113T(y)m1+5+C114T(y)m2+5
h;1(y) = Rm(01((C129 — RiCy30) T(Y)™* + (Cy31 — RiCy32) T(y)™?)
+(01(Cy35 — RiCy34) — SRM Cy33) T(y)™*?
+(01RM(Cy35 — RiCy37) — SRM Cy36) T(y)™2+ —SRmM(C139T(y)™1+2 +
C140Tym2+2+A7C141T(y)m1+4+C142T(y)m2+4 (4.28)

From equation (4.22), the third approximation of o can be obtained as

_ 01S Rm(Cy33 — RiCy38) — Ri 0% (Cz34 — Ri Cy39) — C7%(:235 + Ssz2C24o

2 C236 — RiCy37

For the sake of brevity the constants are given in Appendix A
4.4 Results and Discussion

In this section, the influence of wave number k, magnetic Reynolds number
Rm, Brunt - Vaisala frequency N, magnetic pressure number S, Richardson number
Ri and transverse wave number | on the stability of non parallel stratified shear flow
confined between the plates y = + 1 is examined. In the presence of a magnetic field
the manner of the onset of instability depend in an extremely complicated way on the

relevant parameter S and R,

In Figures (4.1) — (4.7) we have depicted the frequency as a function of a
magnetic Reynolds number. From the analytical expressions derived for o, in the
previous section, it can be noted that there exists infinite number of modes both stable
and unstable corresponding to the values of n. We have presented few of these modes
in Figure (4.7).

From Figures (4.1) — (4.6) it can be seen that when the Brunt - Vaisala

frequency N? is small, we have stable modes and as N? increases, the flow becomes
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unstable. In all the cases, increasing Rn, increases the magnitude of Imag( o) thereby

increasing the region of stability or instability accordingly.

From Figures (4.8) and (4.9) it can be deduced that in the absence of magnetic
field the system oscillates between stable and unstable state due to increase in the
transverse wave number |. When the magnetic field is present the growth rate decays
as | increases thereby making the system stable.

Figures (4.10) - (4.22) show the dependence of growth rate on the longitudinal
wave number k. Increase in k like Ry, increases the magnitude of Imag (o) and

hence amplifies the region stability/instability.

All the above mentioned figures suggest that the stability of the system is
greatly influenced by Brunt- Vaisala frequency and hence the effect of Brunt - Vaisala
frequency is studied in Figures (4.13) — (4.15). From Figures (4.13) and (4.14) we can
observe that for very small values of N? the system is stable and then the system
becomes unstable as N? increases. The enlarged region of instability is given in Figure
(4.15). The velocity as a function of y is given in Figures (4.16) — (4.22). Increasing |

increases the velocity when N?<1 and decreases when N >1.
4.5 Conclusion

We have investigated the stability of inviscid, stratified electrically conducting
non parallel shear flow. The fluid was considered to be in a state of non parallel flow
with the basic velocity profile (U(y),0,W(y)). The governing equations were derived.
These equations reduce to those obtained by Padmini and Subbaiah (1995) when R, =
0. The stability of the flow was analysed using normal mode approach and the
analysis was restricted to a long wave approximation.

From the results obtained in the previous section, the following conclusions
are made.

» The effect of the magnetic Reynolds number is to increase the
magnitude of the growth rate and hence increases the region of
stability or instability.

» The stability of the system is greatly affected by the Brunt- Vaisala
frequency N2. The systems remains stable for small N? and tend to be

unstable as N? increases.
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Figure 4.1. Growth rate as a function of N L=1.0, Ri=0.01, Rm=1.0, K=0., S=1.0
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Figure 4.2. Frequency as a function of magnetic Reynolds
number(N?=0.1,n=2)
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Figure 4.19. Velocity as a function of y
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Figure 4.20. Velocity as a function Rm =10.0,Ri=0.1,k=0.1,1=1.0,N=0.01
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Figure 4.21. Velocity as a function of y S = 10.0, Ri= 0.1, k=0.1, 1 =1.0, N =0.01
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Fig 4.22. Velocity as a function of y S =10.0 Rm = 10.0, Ri= 0.1, k= 0.1, N=-1.0
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Fig 4.23. Velocity as a function of y S=10.0 Rm =10.0,Ri=0.1,k=0.1, N=1.0
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