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ABSTRACT

A linear stability of a viscous incompressible fluid bounded by a saturated porous
layer underlying a fluid layer in the presence of vertical magnetic field along the z
direction has been investigated. The governing equations are solved by applying normal
mode analysis. Eigen values and eigen functions corresponding to small oscillations
with wave number as the perturbation pasrameter were determined in closed form. The
effects of various non-dimensional parameters such as Chandrasekhar number,
Magnetic Prandtl number, Grashof number, Darcy number, Prandtl number, porosity,
wave number and depth ratio on the flow characteristics has been discussed
numerically.
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1. INTRODUCTION

Stability of flow through porous medium in the presence of magnetic field is of great
importance in geophysics and geothermal areas. Due to its importance in earth’s crust several
researchers have analyzed the effect of magnetic field on thermal instability under different
conditions. Prabhamani and Rudraiah [9] investigated the onset convection of a viscous
electrically conducting fluid penetrating a porous stratum in the presence of vertical magnetic

field using both linear and nonlinear stability analysis.

An analytical study has been performed by Rosensweig ef al.[10].They concluded that

viscous fingering which arises when viscous fluid pushed through porous medium can be
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prevented at the fluid interface by applying uniform magnetic field tangentially at the interface.
Latter Zahn and Rosensweig [12] extended the work by applying magnetic field both
horizontally and vertically at the fluid interface.

Busse and Clever [6] focused on the effect of vertical magnetic field on stability of
convective rolls heated from below which is bounded by rigid boundaries. Sharma and Veena
kumari [11] investigated about the stability analysis of an electrically conducting stratified fluid
in a porous medium in the presence of suspended particles. Alchaar et al.[1] analyzed the
influence of magnetic field on a conducting fluid saturated porous medium using Brinkman
model and they concluded that under constant heat flux boundary condition, convection sets in
for small wave number.

Nield [8] has investigated the stability of an electrically conducting incompressible fluid
through a plane parallel channel or duct immersed in a saturated porous medium modeled by
Brinkman equation. Bukhari and Abdullah [5] considered the problem of onset convection of
an electrically conducting viscous incompressible fluid overlying a porous medium subject to
constant vertical magnetic field on both layers. Bhadauria and Sherani [4] considered the
problem of linear stability of thermal convection under the influence of magnetic field and
temperature modulation which is heated from below and cooled from above and observed that
onset of convection is delayed in presence of temperature modulation.

A numerical study on stability of an electrically and thermally conducting horizontal fluid
layer overlying a saturated porous layer has been carried out by Banjer and Abdullah [2] and
they found that effect of magnetic field is bimodal even for large values of depth ratio.

Banjer and Abdullah [3] reported on stability of onset convection in a two layer system
bounded by a saturated porous layer modeled by Brinkman equation underlying a fluid layer
which is heated from below in the presence of magnetic field and found that in the absence of
magnetic field, critical Rayleigh number is larger for Brinkman model in comparison with
Darcy model. Hirata et al.[7]studied the problem of free convective linear stability of a viscous
incompressible fluid using normal mode analysis. In this paper, the work of Hirata et al.[7] has
been extended to analyze the effect of vertical magnetic field using normal mode analysis and
the analysis is restricted to longwave approximations.

2. FLOW DESCRIPTION AND FORMULATION

Consider the flow of an electrically conducting incompressible fluid enclosed within an infinite
horizontal saturated porous medium which is isotropic and homogeneous. A uniform vertical

magnetic field H (0,0, Hy)is applied. It is assumed that Boussinesq approximation is valid and
the fluid density varies linearly with the temperature in the buoyancy force term.

p(T*) = po[1 — Br(T" — To)] (1)
Where [ is the thermal expansion coefficient.

Figure 1 Geometrical configuration of the problem

Using one domain approach the governing equations of an electrically conducting fluid
confined between two rigid boundaries takes the form
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V.u =0 (2
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With boundary conditions

- _0u
u=—

0z
where U, p,p, g ,T,ﬁ(0,0, Hy), d.1e M, Por Hefs g & respectively denotes the velocity vector,
density, pressure, acceleration due to gravity, temperature, constant vertical magnetic field,
porosity, magnetic permeability, electrical resistivity, density at reference level, effective
viscosity of the porous medium, dynamic viscosity of the fluid, thermal diffusivity

=T=H=0atz=0andz=4d (7

In quiescent state, basic state flow field are given by U* = (0,0,0),P* = P(2), H* =
(0,0,Hy)and T* = T(z)and sothe temperature field using the boundary conditions becomes

_ T]—To
T=743 0 ®)

Let the small disturbance in the initial states of velocity, temperature, pressure and magnetic

field respectively be denoted by u’'(x,zt),T' (% 7 t),P'(x,z t),and f_l)(hx, 0,h,), then the
linearized perturbed equation (1) — (6) becomes

V. =0 9)
[i] lf’ _ _i 12 _\i—’l 1, _1 2 13/ L __) _-)*
2 Tb) = = VP’ — 1 +gpo Br T’k + VAT + - (Vx h) x H (10)
T
—- +@.VT) = V.(avT) (1D
V.h = 0 (12)
oh N -
o = Vx (W xH")+ $nV?h (13)

By eliminating pressure term and introducing the non-dimensional variables for length,
velocity, time, temperature and magnetic field respectively as follows

v da Hovh,”
z=dz*, w=w'=, t=t"—,T" =ATT" h, =
d Y n

The above system of linearized equations becomes (removing asterisk)

a(lv2 ) = Lotwsan Il Loy g L (20 14

ot\¢ W T Tpa’ VMo o} i Qaz ox? 14

T d_,

Fra = VT (15)
r
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oh,, _ 1w 1
ot ¢ P 02 Pm
whereDa = k/ d? (Darcy number), Grp = gB1poATd3/v* (Thermal Grashof number)

Vh, (16)

232
P. = v/ as (Prandtl number), Q = % (Chandrasekhar number),

Pm = V/1 (Magnetic Prandtl number)
Also the special variations of a, ¢ and k are taken as null.
Applying normal mode analysis to the dependent variables.

(w, T,h,) = (W(z),06(2),H(2)) elikx+ot)

Where k is the non-dimensional wave number and o is the growth rate. Substituting the
above expression into equations (14), (15) and (16) we get

il k? o k? e W= k>¢$Grr 6 + k2 aH 17
0227 g2 7" Tpa o)W T KGO+, an
0* pr pr
——-k*—-0= 0 = =W 1
(azz o d) - (18)
i k? H - _1o w 19
35 ODm Y (19)
with the corresponding boundary condition
W=2"-g=H=0at z=0and z=1 (20)

3. EIGEN VALUES AND EIGEN FUNCTIONS

Now we expand W, 0,0 and H in powers of k
W =W, + kKW, +Kk'W, + -

o0 =o0y+k?0; + ko, + - (21
0 =6, +k*0; +k*0, +

H = H0+k2H1+k4H2+"'
Substituting (21) in equations (17) to (19) and collecting the like powers of k we get

0 (0° _& W, ~0 22
922\ 322 Dpa_ 00 Wo = (22)
02 Pr 0 3 PrW 23
922 °q )" = g W (23)
92 1
<ﬁ_60 Pm)Ho = —$DW0 (24)
F(FE b 92 & b
a2\0z pa_ @)W1 T HoG Wt (G TpaT o0 Wo
+dGrrBy + QbDH (25)
02 Pr Pr P
ﬁ_GO? 91 = E‘/vl-l-(l-i-o-l? 90 (26)

http://iaeme.com/Home/journal/IJIMET e editor @iaeme.com



K. Sumathi, T.Arunachalam and S.Aiswarya

0° 1
(ﬁ —Op pm>H1 = _$DW1 + 1+ 0, PHy (27)

The corresponding boundary conditions are
Wy =DW, =6, =Hy=0at z=0and z=1
W;=DW,; =06, =H, =0 atz=0 andz=1 (28)
On solving equations (22) to (27) using boundary conditions (28) we get
Wy = A; + A,z + A5 cosh(rz) + A sinh(rz)
8y = Agcosh(r;z) + Agsinh(r,z) + A; + Agz + Ag cosh(rz) + A sinh(rz)
Hy = A;; cosh(ryz) + A,, sinh(rpz) + A5 + Ayusinh (rz) + A5 cosh(rz)
W; =A6+ A 1,2+ Ajg cosh(rz) + A 14 sinh(rz) + A,z sinh(rz) + A,,z cosh(rz)
+zg cosh(r,z) + zgsinh(rz) + z 1o + z,,2% + 24, sinh(r, 2) +2 13 cosh(r,z)
0, = A,y cosh (1yz2) + Ays sinh(ry 2) + z33 + 2342 + z 35 cosh(rz)
+Z36Sinh(1z) + z 3, zsinh (rz) + z 33z cosh (rz) + z39 z sinh (4, 2)
+2z40z cosh(r, z) + z 4123 + 7 4, sinh(r,2) + z 45 cosh(r,z)
H; = A,, cosh(r,z) + A,s sinh(rz) + Bsg + Bs;22% + z 5 sinh(rz)
+7gq cosh (rz) + z g9 zsinh (1, 2) + 2z g,z cosh(r,2z) + z4,z cosh(rz)
+2 43 Z sinh(rz) + z ¢, sinh( 71 2) + z ¢5 cosh(ryz)
The zeroth order eigen values are given by the following transcendental equation
Asz[cosh(r) — 1] + A4[sinh(r) —r]=0

A; sinh(r) + Ay[cosh(r) —1] =0
The solution of above expression will not give explicit values of gy. Hence the values of oyis
obtained using Mathematica 8.0.

The first order approximations of the growth rate is given by

_bBis
By,

o, =

4. RESULTS AND DISCUSSIONS

To investigate the stability of electrically conducting viscous fluid bounded by saturated
porous medium, the effects of various non-dimensional parameters such as Chandrasekhar
number Q, Magnetic Prandtl number p,,, Grashof number Gr, Prandtl number Pr, Darcy
number Da, depth ratio d and porosity ¢ on temporal growth rate, velocity, temperature and
magnetic field has been discussed numerically and plotted in figures (2) — (22). We have fixed
values of parameter such as Da = 0.0001,
¢ =0.6,Pr =0.71,d = 0.08,Gr = 1.0, p,,, = 10.0,x = 0.9 throughout the entire study of the
problem.

Figures (2) — (3) illustrate the effect of Chandrasekhar number Q on growth rate and it is
found that increase in Chandrasekhar number creates instability in the system for large Darcy
number and stabilizes the system for small Darcy values.

The influence of magnetic Prandtl number p,,, porosity ¢, Darcy number Da on growth
rate is depicted in figures (4) — (7). It is found that as magnetic Prandtl number increases the
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growth rate increases thereby inducing stability near the lower plate and instability increases
moving towards the upper plate. While increase in porosity destabilizes the system for small
Darcy numbers, large Darcy numbers stabilizes the system. Also increase in Darcy number
increases the stability of the system.

In figures (8) — (11) show the influence of wave number k, Chandrasekhar number Q and
magnetic Prandtl number p,,with respect to porosity ¢ on frequency and it is found that
increase in wave number, Chandrasekhar number and magnetic Prandtl number destabilizes the
system.

Increase in wave number k and Darcy number Da stabilizes the system with respect to depth
ratio as shown in figures (12) and (13).

Figures (14) — (16) represent the influence of Chandrasekhar number Q, magnetic Prandtl
number p,, and porosity ¢ on velocity field. It is observed that increase in Chandrasekhar
number and magnetic Prandtl number enhances the flow field whereas increase in porosity
decreases the velocity of the flow field.

The variations of Chandrasekhar number Q, magnetic Prandtl number p,,, and depth ratio d
on temperature field are depicted in figures (17) —(19) and it is found that increase in
Chandrasekhar number, magnetic Prandtl number and depth ratio induces oscillatory modes in
the system.

The effect of porosity ¢, magnetic Prandtl number p,, and Darcy number Da on magnetic
field is plotted in figures (20) — (22). It may be inferred that increase in porosity, magnetic
Prandtl number and Darcy number creates an oscillatory state in the system.

S. CONCLUSION

We have investigated stability of thermal convection in an electrically conducting viscous
fluid under influence of vertical magnetic field confined between infinite horizontal plates using
method of small oscillation and the effects of various non-dimensional parameters on
characteristics of the flow has been analysed. The following conclusions are made from the
results.

¢ Increase in Chandrasekhar number decreases the growth rate thereby creating instability/stability
in the system.

e The stability of the system is greatly affected by Darcy number, since for small Darcy number the
system remains stable and for large Darcy numbers the region of instability increases.

¢ Increase in magnetic Prandtl number increases the growth rate inducing stability or instability.
¢ Increase in wave number with increase in porosity creates unstable modes in the system.

¢ Velocity field enhances due to increase in Chandrasekhar number and magnetic Prandtl numbe.
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APPENDIX

_ /d) . _ . _ 1. _ —z(czzh(z)-1) |
= /Da+ 0‘0, A1 =1 5 A3 = 1 5 AZ = —(sinh(z)—z) )

_ czzh (2)-1 0gZT _ . _ _(A1Pz)
4~ GinhG)—z) T1—\[ /d ;0 As=—(4;,+49) 5 A; = (led)’

Ag = (m) As COSh(T1)+ A; + Ag+ Agcosh(r) + Ay sinh(1));
Ay Pz A Pz
Ag = 12 ) Ay = (z2 le) ( ) Ay = 7 422)(—) ;A= —(Aiz + Aqgs);
A, = (Smh( ))(A 11cosh(ry) + A3 + Ay, sinh(r) + A5 cosh(r));
= (421 — (s _1). = (2 1.
A13 - (z%z)’ AM’ ((z2 —zzz)z)’ A15 ((ZZ—Z% )z )’

B, = GrppAg+1QpAy, + 17455 B, = GrpdpAy, + QA s + 124,;
By = GrypAs; By = Grp ¢As ;Bs = Qdpry4q1; B = Qpry Ay, B, = 1/2r3

1 . 1 . GZTZA7. GzrzA g |
By =5—2—%; By=—52—; Byp=-"127;B,=—-"12"¢2
AR ARy T n o
1 1
B 5 B — 6 .
12 z(z —22) 13 2 z%—z 2\ !’

B = [B s(1 — cosh(r;)) + Bo(r; — sinh(r; )) — B;; + B, (r, — sinh(r, ))] .
e +B135(1 — cosh(;)) + B,B; (1 — cosh(r)) — B, B;sinh(r) ’
Bis = [1?A14B, — ?A 3B, sinh(r) — *A ;,B, cosh(r)] ;
_ [B;B;[1 — (rsxnkr)+ cosh(r))] + 1,By (1 — cosh(ry) ) + 1,B5(1 — cosh(r,))
B [ —B;B; [(rcosh(r) + sinh(r)] — ry Bg sinh(r; ) — 3 By; — 1, By3 sinh(ny)
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Big = By, rsinh(r) — By (cosh (r) — 1); B,y = B, r sinh(r) — B;;(cosh(r) — 1);
Byo = (1+U1};_Z)§ Byq :%i B2z = BoA7 + B21 (A6 + B1o);
B3 = ByoAg + B21417; Baa= ByoAg + By1A1s;  Bas = ByoAio + Bai Aso;
Bys = By14;0 5 Biy = By Ayq; Bag = ByoAs + BBy ; Bag = BygAg + BBy

_ . _ . _ . _ 122 . _ 13 6l3p ,
B30 = By,B11 ,331 = B;1B13; B32 - B21313! B33 - B34 -T2z A
1 1 1
1 2z1 1 2z1
B, 24 _ 26_. B — 25 27_ - B _ 126
35 2 36 2 37 =
(Z -2f)  (22-2%) (2-29)  (2-23) (Z 21)
127 128 129 130
Byg = D Byy =28 By, = -2 B, =—22;
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