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Abstract: In this paper a new class of sets namely gn-closed
sets in the light of m-open sets in topological spaces are
introduced. Further some of their characterizations are
investigated

Keywords : gy-closed sets, gn-open sets, gn-neighbourhoods.

I. INTRODUCTION

In recent years a number of generalizations of open sets
have been developed by many mathematicians. In 1963,
Levine [5] introduced the notion of semi-open sets in
topological spaces. 1n 1984, Andrijevic [1] introduced some
properties of the topology of a-sets. In 2016, Sayed and
Mansour introduced [11] new near open set in Topological
Spaces. Motivated by various open and closed sets discussed
in the previous literature, in this paper a new class of sets
called gn-closed sets has been introduced using the concept
of n-open sets by Subbulakshmiet a [12]. Further we study
the basic properties of gn-closed sets.

I1. PRELIMINARIES

Definition : 2.1

A subset A of topological space (X,1) is called

(i) a-open set [1] if A Cint(cl(int(A))), a-closed set if
cl(int(cl(A))) € A.

(ii) pre-openset [9] if A Cint(cl (A)), pre-closed set if
cl(int(A)) € A.

(iii) semi-openset [5] if A Ccl(int (A)), semi-closed set if
int(cl(A) € A.

(iv) regular open set [10] if A = int (cl(A)), regular closed
setif A = cl (int (A))).

(v) B-open (or semi pre open) set [2] if A C
(cl(int(cl(A))), semi-pre-closed set if int(cl(int(A))) & A.

(vi) n-open set [12] if A Cint (cl(int(A))) U cl(int (A))n-
closed set if cl (int (cl (A)))N int(cl(A)) € A.

Definition : 2.2

A subset A of a topological space (X,1) is called
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(i) g-closed set [6] if cl(A) € U whenever A € U and U is
open in (X, ).

(ii) g*-closed set [13] if cl(A) S U whenever A € U and U
is g-open in (X, 1).

(iii) ga-closed set [8] if acl(A) € U whenever A € U and U
is a-open in (X, T).

(iv) ag-closed set [7] if acl(A) € U whenever A € U and U
is open in (X, T).

(v) gs-closed set [3] if scl(A) € U whenever A € U and U
is open in(X, 1).

(vi) sg-closed set [4] if scl(A) € U whenever A € U and U
is semi-open in (X, T).

[1l. GENERALIZEDH-CLOSED SETS

Definition : 3.1 A subset A of atopological space X iscalled
generalized n-closed set if ncl(A)S U whenever A € U and
U is open. The class of all generalized n-closed sets is
denoted by GnC(X).

Theorem : 3.1 Every closed set is gn-closed.

Proof: Let A be any closed setin X and A € U, where U is
open. Since every closed set is n-closed, ncl(A) € cl(A) =
A. Therefore ncl(A) & A € U. Hence A is gn-closed set in
X.

The converse of the above theorem is need not be true as
seen from the following example.

Example: 3.1 Let X = { a, b, ¢} with 1 = {X, ¢, {a}}. The
set {a, b} is gn-closed but not closed.

Theorem : 3.2 Every semi-closed set is gn-closed.

Proof: Let A be any semi-closed setin X and A € U, where
U is open. Since every semi-closed is n-closed, ncl(A) &
scl(A) = A. Therefore ncl(A) & A € U. Hence A is gn-
closed setin X.

The converse of the above theorem is need not be true as
seen from the following example.

Example : 3.2 Let X = { a, b, c} witht = {X, ¢, {a}}. The
set {a, ¢} is gn-closed but not semi-closed.

Theorem : 3.3 Every a-closed set is gn-closed.

Proof: Let A be any a-closed setin X and A € U, where U
is open. Since every a-closed set is m-closed,ncl(A) &
acl(A) = A. Therefore ncl(A) € A € U. Hence A is gn-
closed set in X.

The converse of the above theorem is need not be true as
seen from the following example.

Example : 3.3 Let X = { a, b, ¢} witht = {X, ¢, {a}, {b, c}}.
The set {b} is gn-closed but nota-closed.

Theorem : 3.4 Every regular .

The converse of the above theorem is need not be true as

seen  from the following
example.
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Example: 3.3 Let X ={ a b, c} witht ={X, ¢, {a}, {b, c}}.
The set {b} is gn-closed but nota-closed.
Theorem : 3.4 Every regular closed set is gn-closed.

Proof: Let A be any regular closed set in X and A © U,
where U isopen. Since every regular closed set is closed. By
theorem 3.1,Ais gn-closed.

The converse of the above theorem is need not be true as
seen in the following example.

Example: 3.4 Let X ={ a b, ¢} witht={X, o, {a}, {b}, {&a
b}}.Theset {c} isgn-closed but not regular closed.
Theorem: 3.5 Every n-closed set is gn-closed.

Proof: Let A beany n-closed setin X and A € U, whereU is
open. Since A isn-closed. Thereforencl(A) = A € U.Hence

Aisgn-closed setin X.

The converse of the above theorem is need not be true as

seen from the following example.

Example: 3.5Let X ={ &, b, ¢} witht={X, ¢, {a}, {b}, {a

b}.{a b,c}}. Theset{c} is gn-closed but not n-closed.

Theorem : 3.6 Every g-closed set is gn-closed.

Proof: Let A be any g-closed set in X then ¢l (A) & U

whenever A € U, where U is open. Since every closed setis

n-closed, necl(A) € cl(A) = A. Hence A is gn-closed set in

X.

The converse of the above theorem is need not be true as

seen from the following example.

Example: 3.6Let X ={ a, b, ¢, d}witht ={X, ¢, {b}, {c, d},

{b,c,d}}. Theset {d} isgn-closed but not g-closed.

Theorem : 3.7 Every g*-closed set is gn-closed.

Proof: Let A be any g*-closed set in X. Since every g*-

closed set is g-closed. By theorem 3.6, A is gn-closed set in

X.

The converse of the above theorem is need not be true as

seen from the following example.

Example: 3.7Let X ={ a b, ¢, d} witht ={X, ¢, {&}, {b, d},

{a,b,d}}. Theset{a} isgn-closed but not g*-closed.

Theorem : 3.8 Every sg-closed set is gn-closed.

Proof: Let A be any sg-closed set in X then scl(A) ©

Uwhenever A © U, where U is semi-open. Since every

semi-closed set is n-closed, ncl(A) € scl(A) € U. Since

every open set is semi-open set. And U isopen in X. Hence

Aisgn-closed setin X.

The converse of the above theorem is need not be true as

seen from the following example.

Example : 3.8Let X ={ & b, ¢, d} witht = {X, o, {a}, {b},

{a, b}, {a b, c}}. The set {a, b, d}is gn-closed but not sg-

closed.

Theorem : 3.9 Every ag-closed set is gn-closed.

Proof: Let A be any ag-closed set in X thenacl(A) & U

whenever A € U, where U is open. Since every a-closed set

isn-closed,ncl(A) Socl(A) © U.Hence A is gn-closed set in

X.

The converse of the above theorem is need not be true as

seen from the following example.

Example: 3.9Let X ={ a, b, ¢, d} witht={X, ¢,{c}, {a b},

{a,b,c}}. Theset {b} isgn-closed but not ag-closed.

Theorem: 3.10 Every go-closed set is gn-closed.

Proof: Let A be any ga-closed set in X thenacl(A) & U
Retrieval Number: C6674098319/2019©BEIESP

DOI:10.35940/ijrte.C6674.098319
Journal Website: www.ijrte.org

8864

whenever A © U,where U is a-open. Since every a-closed
set isn-closed,ncl(A) Socl(A) € U. Since every open set is
a-open set. And U isopenin X. Hence A is gn-closed set in
X.

The converse of the above theorem is need not be true as
seen from the following example.

Example: 3.10Let X ={ a, b, ¢, d} witht ={X, o, {&}, {b,
d},{a b,d}}.Theset{a} is gn-closed but not ga-closed.
Theorem: 3.11 Every gs-closed set is gn-closed.

Proof: Let A be any gsclosed set in X then sclAC U
whenever A © U, where U is open. Since every semi-closed
set isn-closed, ncl(A) € scl(A) € U. Hence A is gn-closed
setin X.

Remark : 3.1 Finite union (intersection) of gn-closed sets
need not be gn-closed.

Example: 3.11(i) Let X ={a, b, ¢} witht={X, o, {&}, {b},
{a, b}}. Here the sets {a} and {b} are gn-closed sets, but
{atU{b} ={a b} isnot gn-closed s&t.

ii) Let X ={a, b, c} witht={X, 9, {a}}. Herethe sets{a, b}
and {a, ¢} are gn-closed sets, but {a, b} N{a, c} ={a} isnot
gn-closed set.

Remark : 3.2The following example show that rg-closed,
agr-closed, gpr-closed and gn-closedare independent of each
other.

Example:3.12L et (X,t) be atopological space where X ={a,
b, ¢} witht={X, ¢,{a},{c},{a c}}. Heretheset {a} isgn-
closed but not rg-closed, gpr closed and ogr-closed set. Also
the set {a, ¢} isrg-closed, gpr closed and agr-closed set but

not gn-closed.

closed semi-closed r-closed a-closed
n-closed ga-closed
rg-closedgn-closedgpr-closed

sg-closedgar-closed

gs-closed g-closed g* -closed

Remark :3.3 From the above discussion we have the
following implications.
A B means A implies B but not conversely, A
means A and B are independent.
Theorem : 3.12 For a gn-closed set A,ncl(A) — Acontains no
non-empty closed set, and the converse is true if the
intersection of a closed set and an-closed set isaclosed set.
Proof: Necessity: Let M be a non-empty closed set in X such
thatM Sncl(A) — A. ThenA€ X — M. Since A is gn-closed
setand X —M isopen, ncl(A) E X —M. ThatisM € X —
nel(A). SoM € ( X —nel(A) )N (nel(A) — A).Therefore
M =o.
Suffi;:piency: Let us assume that ncl(A) — Acontains no non-
empty closed set. LetA © U, where U is open. Suppose that
ncl(A) is not contained in U, ncl(A) )NUcis non-empty
closed set contained in ncl(A) — Awhich is a contradiction.
Thereforencl(A) € U. Hence A is gn-closed.
Theorem : 3.13 If A isa gn-closed set in X and A & B
Sncl(A). Then B is aso gn-
closedin X.

Published By:
Blue Eyes Intelligence Engineering
& Sciences Publication




OPEN aﬁlCCESS

Proof: LetB © U, whereU isopen. SinceAS B S Uand A
is gn-closed, ncl(A) € U.As B Sncl(A)ncl(B) Encl(A).
Hencencl(B) € U. Therefore B isgn-closed in X.

Theorem : 3.14 Let A be a gn-closed set in X. Then A isn-
closedif and only if ncl(A) — A isclosed.

Proof: Let A be a gn-closed set in X. If A isn-closed then
ncl(A) — A = ¢, whichisaclosed set. Conversely, let ncl(A)
— Abe closed. In theorem 3.12, it is proved that ncl(A) — A
does not contain any non-emptyclosed set and hence ncl(A)
— Adoes not contain any non-empty closed set. So ncl(A) —
Ais a closed subset of itself and then ncl(A) — A = ¢. This
impliesthat A =ncl(A). Therefore A isan-closed set.
Remark :3.4The assumption that A is gn-closed in theorem
3.14, isnecessary. Let X ={a, b, ¢, d} witht={X, o, {a},
{b}, {a b}, {a b, c}}, LetA ={a b, c}. Here n-closed sets
and gn-closed setsare{ X, 0. {d}, {b},{c}, {d}.{a ¢} {a
d}, {b, ct{b, dt{cd}, {a b d}, {a c d}, {b c
d}}. Althoughncl(A) — A ={d} isclosed, A isnot n-closed,
sinceit isnot gn-closed.

Definition : 3.2 For a subset A of( X, 1), the intersection of
all gn-closed sets containing A is called the gn-closure of A
and is denoted by gn-cl(A).

Thatis, gn-cl(A)=cl (A)=N{ M : AEM, M isgn-closedin
X

Reinark : 3.5Since the arbitrary intersection of gn-closed sets
is not necessarily gn-closed, gn-cl(A) is not necessarily a
gn-closed set.

Remark : 3.6If A and B are any two subsets of (X, 1), then
(i)gn-cl(p) = ¢ andgn-cl(X) = X.

(il A CcB= gn-cl(A) Cgn-cl(B).

(ii)gn-cl(gn-cl(A)) =gn-cl(A).

(iv)gn-cl(AU B) 2gn-cl(A) Ugn-cl(B)

V)gn-cl(AN B) Sgn-cl(A) Ngn-cl(B).

Theorem : 3.15 For a subset A of(X, 1) and x € X, gn-cl(A)
contains x if and only if XN A¥*oefor every gn-open set X
containing X.

Proof: Let A © X and let x Egn-cl(A). If possible let there
exists a gn-open set A containing x suchthat X N A =¢. A
C Xc,gn-cl(A) CXcand then x €gn-cl(A), which is a
contradiction. Therefore X NA#gfor every gn-open set X
containing x.

Conversely, assume that x €gncl(A). Then there exists a gn-
closed set M containing A such that x € M. Therefore x €
Mcand M c is gn-open, M cN A = ¢, which is a
contradiction. Hence x Egn-cl(A) if and only if X N A o,
for every gn-open set X containing x.

IV. GH-OPEN SETSAND GH-NEIGHBOURHOODS
IN TOPOLOGICAL SPACES

In this section the notion of gn-open sets is introduced and
using that, the characterizations of gn-neighbourhoods are
obtained.
Definition : 4.1 A subset A of a topological space(X, 1) is
called gn-open set if Acis gn-closed in X. The family of all
gn-open setsin X is denoted by GnO(X, 1).
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Definition : 4.2 For a subset A of (X, 1), the union of all gn-
open sets contained in A is called the gn-interior of A and is

denoted by gn-int(A).
That is, gn-int (A) = U{M: A2 M, M isgn-openin X}.
Remark :4.1 Every open set is gn-open set.

Remark : 4.2(i) Finite intersection of gn-open sets need not
be gn-open.

(if) Finite union of gn-open sets need not be gn-open.
Theorem : 4.1 Supposen-int(A) € B SAand if A is gn-open
in X, then B isalso gn-openin X.

Proof: Suppose that n-int(A) & B €A and A is gn-open in
X, then AcE BcEgn-cl (Ac). Since Acisgn-closedin X, by
theorem 3.13, B cis gn-closed in X. Hence B is gn-open in
X.

Theorem : 4.2 A subset AS X isgn-open if and only if ME
Nn-int(A), whenever M isaclosed set and M EA.

Proof: Necessity: Let A be a gn-open set and let MCA,
where M is closed. Then X — Ais a gn-closed set contained
in the open set X — M. Hencencl(X — A) €EX — M. Since
ncl(X — A) =X —n-int(A), we have X — n-int(A) €X — M.
ThusME 1-int(A).

Sufficiency: Let M be closed and MEA implies ME 1-
int(A). Lete X — A € U, whereU isopen.Then X —U € A,
where X — U is closed. By hypothesis X — U S&n-int(A).
That is, X —n-int(A) €SU. Then n-cl(X —A) €U implies X
— A isgn-closed. Therefore A is gn-open.

Definition : 4.3 Let x be apoint in atopological space X. A
subset N of X is said to be a gn-neighbourhood of x if and
only if there existsagn-open set G suchthat x € G © N.
Definition : 4.4 A subset N of atopological space X is called
a gn-neighbourhood of AC X if and only if there exists a
gn-openset Gsuchthat A € GE N.

Theorem : 4.3 Every neighbourhood N of x € X isagn-
neighbourhood of x.

Proof: Let N be a neighbourhood of a point x € X. By
definition of neighbourhood, there exists an open set G such
that x € G & N. Since every open set is gn-open, N isagn-
neighbourhood of x

Remark : 4.3In general, a gn-neighbourhood of x € X need
not be neighbourhood of x in X as seen from the following
example.

Example: 4.1 Let X ={ a, b, c} with topologyt ={X, o, {8},
{0}, {a b}}. Then gn-open sets are{ X, ¢, {a}, {b}, {a, b},
{a c},{b, c}}. The set {b, c}isa gn-neighbourhood of {c},
since the gn-open set { b, ¢} issuchthat c € {b, c} € {b, c}.
However, the set {b, c} is not a neighbourhood of the point
{c}, since no open set G existssuchthat {c} € G € {b, c}.
Remark : 4.4 The gn-neighbourhoodN of x € X need not be
gn-openin X.

Example :4.2 Let X = { &, b, c} with topologyt = {X, o, {b,
ct}.Then gnO(X, 1) = {X, ¢, {b}, {c}, {b, c}}. The set {a,
¢} is a gn-neighbourhood of
{c},sincece{c} &{ac}.
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But the set { a, c}is not gn-open.
Theorem : 4.4 If a subset Nof aspace X is gn-open, then N is
a gn-neighbourhood of each of its points.

Proof: Let N be gn-openand x € N. Then N isa gn-open set

such that x € N € N.Since x is an arbitrary point of N, it
followsthat N isa gn-neighbourhood of each of its points.
Theorem : 4.5 Let X be a topological space. If M is gn-

closed subset of X and x € M ¢, then there exists a gn-
neighbourhoodN of x suchthat N N M= ¢.

Proof: Let M be a gn-closed subset of X and x € M c.Then
M c is a gn-open set of X. By theorem 3.14, M cis a gn-
neighbourhood of each of its points. Hence there exists a gn-
neighbourhoodN of x such that NC M c. ThatisN N M =
0.

Definition : 4.5 Let x be apoint in atopological space X. The
set of al gn-neighbourhoods of x is called the gn-
neighbourhood system at x and is denoted by gn-N(x).
Theorem : 4.6 Let X be atopological space and for each x €
X, the gn-neighbourhood system gn-N(x) has the following
properties:

(i) Fordl x € X,gn-N(X) # o.

(i) N € gn-N(x) impliesx € X.

(iii) N €Egn-N (x), M D NimpliesN Egn-N (x).

(iv) N € gn-N(x) implies there exists M € gn-N(x) such
that M C NandM € gn-N(y)foreveryy € M.

Proof:

(i) Since X is a gn-open set, it is a gn-neighbourhood of
every X € X. Hence there exists at least one gn-
neighbourhood (namely X) for each x € X. Therefore gn-
N(x)#pfor every X € X.

(if) Let N €gn-N(x), then N is a gn-neighbourhood of x.By
definition of gn-neighbourhood, x € N.

(iii) Let NEgn-N(x) and M D N. Then there is a gn-open
set G such that X€ G CN. SinceNC M,x € GC Mand
so M isagn-neighbourhood of x. Hence M Egn-N ().

(iv) Let N Egn-N (x), then there is a gn-open set M such that
XE M C N.Since M is a gn-open set, it is a gn-
neighbourhood of each of its points, Therefore M € N(y) for
everyy € M.
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