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 
Abstract: In this paper a new class of sets namely gη-closed 

sets in the light of η-open sets in topological spaces are 
introduced. Further some of their characterizations are 
investigated 

Keywords : gη-closed sets, gη-open sets, gη-neighbourhoods. 

I. INTRODUCTION 

In recent years a number of generalizations of open sets 
have been developed by many mathematicians.  In 1963, 
Levine [5] introduced the notion of semi-open sets in 
topological spaces.  In 1984, Andrijevic [1] introduced some 
properties of the topology of α-sets. In 2016, Sayed and 
Mansour introduced [11] new near open set in Topological 
Spaces. Motivated by various open and closed sets discussed 
in the previous literature, in this paper a new class of sets 
called gη-closed sets has been introduced using the concept 
of η-open sets by Subbulakshmiet al [12]. Further we study 
the basic properties of gη-closed sets. 

II.  PRELIMINARIES 

Definition : 2.1 
A subset A of topological space (X,τ) is called 
(i) α-open set [1] if A ⊆int(cl(int(A))), α-closed set if 

cl(int(cl(A)))    A.    
(ii) pre-openset [9] if A ⊆int(cl (A)), pre-closed set if 

cl(int(A))   A.  
(iii) semi-openset [5] if A ⊆cl(int (A)), semi-closed set if 

int(cl(A)    A.   
(iv) regular open set [10] if A = int (cl(A)), regular closed 
set if A = cl (int (A))).  
(v) β-open (or semi pre open) set [2] if A ⊆ 

(cl(int(cl(A))), semi-pre-closed set if int(cl(int(A)))    A.                                                                           
(vi) η-open set [12] if A ⊆int (cl(int(A))) ∪ cl(int (A)),η-

closed set if cl (int (cl (A)))  int(cl(A)) ⊆ A. 
Definition : 2.2 
A subset A of a topological space (X,τ) is called 
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(i) g-closed set [6] if cl(A) ⊆ U whenever A ⊆ U and U is 

open in (X, τ)  
(ii) g*-closed set [13] if cl(A) ⊆ U whenever A ⊆ U and U 

is g-open in (X, τ)  
(iii) gα-closed set [8] if αcl(A) ⊆ U whenever A ⊆ U and U 
is α-open in (X, τ). 
(iv) αg-closed set [7] if αcl(A) ⊆ U whenever A ⊆ U and U 
is open in (X, τ). 
(v) gs-closed set [3] if scl(A) ⊆ U whenever A ⊆ U and U 
is open in(X, τ). 
(vi) sg-closed set [4] if scl(A) ⊆ U whenever A ⊆ U and U 
is semi-open in (X, τ). 

III. GENERALIZED Η-CLOSED SETS 

Definition : 3.1 A subset A of a topological space X is called 

generalized η-closed set if ηcl(A)  U whenever A   U and 
U is open. The class of all generalized η-closed sets is 
denoted by GηC(X). 
Theorem : 3.1 Every closed set is gη-closed. 

Proof: Let A be any closed set in X and A   U, where U is 

open. Since every closed set is η-closed, ηcl(A)   cl(A) = 

A. Therefore ηcl(A)   A   U. Hence A is gη-closed set in 

X  
The converse of the above theorem is need not be true as 
seen from the following example. 
Example : 3.1 Let X = { a, b, c} with τ = {X, φ, {a}}. The 

set {a, b} is gη-closed but not closed. 
Theorem : 3.2 Every semi-closed set is gη-closed. 

Proof: Let A be any semi-closed set in X and A   U, where 

U is open. Since every semi-closed is η-closed, ηcl(A)   

scl(A) = A. Therefore ηcl(A)   A   U. Hence A is gη-

closed set in X  
The converse of the above theorem is need not be true as 
seen from the following example. 
Example : 3.2 Let X = { a, b, c} withτ = {X, φ, {a}}. The 

set {a, c} is gη-closed but not semi-closed. 
Theorem : 3.3 Every α-closed set is gη-closed. 

Proof: Let A be any α-closed set in X and A   U, where U 

is open. Since every α-closed set is η-closed,ηcl(A)   

αcl(A) = A. Therefore ηcl(A)   A   U. Hence A is gη-

closed set in X  
The converse of the above theorem is need not be true as 
seen from the following example. 
Example : 3.3 Let X = { a, b, c} withτ = {X, φ, {a}, {b, c}}. 

The set {b} is gη-closed but notα-closed. 

Theorem : 3.4 Every regular   
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing 

gexample. 
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Example g: g3.3 gLet gX g= g{ ga, gb, gc} gwithτ g= g{X, gφ, g{a}, g{b, gc}}. 

gThe gset g{b} gis ggη-closed gbut gnotα-closed. 
Theorem g: g3.4 gEvery gregular gclosed gset gis ggη-closed. 

Proof: gLet gA gbe gany gregular gclosed gset gin gX gand gA g  gU, 

gwhere gU gis gopen. gSince gevery gregular gclosed gset gis gclosed. gBy 

gtheorem g3.1,Ais ggη-closed. 
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gin gthe gfollowing gexample. 
Example g: g3.4 gLet gX g= g{ ga, gb, gc} gwith gτ g= g{X, gφ, g{a}, g{b}, g{a, 

gb}}.The gset g{c} gis ggη-closed gbut gnot gregular gclosed. 
Theorem g: g3.5 gEvery gη-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany gη-closed gset gin gX gand gA g  gU, gwhere gU gis 

gopen. gSince gA gis gη-closed. gTherefore gηcl(A) g= gA g  gU.Hence 

gA gis ggη-closed gset gin gX  
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.5Let gX g= g{ ga, gb, gc} gwith gτ g= g{X, gφ, g{a}, g{b}, g{a, 

gb},{a, gb, gc}}. gThe gset g{c} gis ggη-closed gbut gnot gη-closed. 
Theorem g: g3.6 gEvery gg-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany gg-closed gset gin gX gthen gcl g(A) g  gU 

gwhenever gA g  gU, gwhere gU gis gopen. gSince gevery gclosed gset gis 

gη-closed, gηcl(A) g  gcl(A) g= gA. gHence gA gis ggη-closed gset gin 

gX  
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.6Let gX g= g{ ga, gb, gc, gd}with gτ g= g{X, gφ, g{b}, g{c, gd}, 

g{b, gc, gd}}. gThe gset g{d} gis ggη-closed gbut gnot gg-closed. 
Theorem g: g3.7 gEvery gg*-closed gset gis ggη-closed. 
Proof: gLet gA gbe gany gg*-closed gset gin gX. gSince gevery gg*-
closed gset gis gg-closed. gBy gtheorem g3.6, gA gis ggη-closed gset gin 

gX  
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.7Let gX g= g{ ga, gb, gc, gd} gwithτ g= g{X, gφ, g{a}, g{b, gd}, 

g{a, gb, gd}}. gThe gset g{a} gis ggη-closed gbut gnot gg*-closed. 
Theorem g: g3.8 gEvery gsg-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany gsg-closed gset gin gX gthen gscl(A) g  

gUwhenever gA g  gU, gwhere gU gis gsemi-open. gSince gevery 

gsemi-closed gset gis gη-closed, gηcl(A) g  gscl(A) g  gU. gSince 

gevery gopen gset gis gsemi-open gset. gAnd gU gis gopen gin gX. gHence 

gA gis ggη-closed gset gin gX  
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.8Let gX g= g{ ga, gb, gc, gd} gwithτ g= g{X, gφ, g{a}, g{b}, 

g{a, gb}, g{a, gb, gc}}. gThe gset g{a, gb, gd}is ggη-closed gbut gnot gsg-
closed. 
Theorem g: g3.9 gEvery gαg-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany gαg-closed gset gin gX gthenαcl(A) g  gU 

gwhenever gA g  gU, gwhere gU gis gopen. gSince gevery gα-closed gset 

gis gη-closed,ηcl(A) g αcl(A) g  gU.Hence gA gis ggη-closed gset gin 

gX. 
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.9Let gX g= g{ ga, gb, gc, gd} gwith gτ g= g{X, gφ, g{c}, g{a, gb}, 

g{a, gb, gc}}. gThe gset g{b} gis ggη-closed gbut gnot gαg-closed. 
Theorem g: g3.10 gEvery ggα-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany ggα-closed gset gin gX gthenαcl(A) g  gU 

gwhenever gA g  gU,where gU gis gα-open. gSince gevery gα-closed 

gset gis gη-closed,ηcl(A) g αcl(A) g  gU. gSince gevery gopen gset gis 

gα-open gset. gAnd gU gis gopen gin gX. gHence gA gis ggη-closed gset gin 

gX. 
The gconverse gof gthe gabove gtheorem gis gneed gnot gbe gtrue gas 

gseen gfrom gthe gfollowing gexample. 
Example g: g3.10Let gX g= g{ ga, gb, gc, gd} gwith gτ g= g{X, gφ, g{a}, g{b, 

gd}, g{a, gb, gd}}.The gset g{a} gis ggη-closed gbut gnot ggα-closed. 
Theorem g: g3.11 gEvery ggs-closed gset gis ggη-closed. 

Proof: gLet gA gbe gany ggs-closed gset gin gX gthen gsclA  gU 

gwhenever gA g  gU, gwhere gU gis gopen. gSince gevery gsemi-closed 

gset gis gη-closed, gηcl(A) g  gscl(A) g  gU. gHence gA gis ggη-closed 

gset gin gX  
Remark g: g3.1 gFinite gunion g(intersection) gof g ggη-closed gsets 

gneed gnot gbe ggη-closed. 
Example g: g3.11(i) gLet gX g= g{a, gb, gc} gwith gτ g= g{X, gφ, g{a}, g{b}, 

g{a, gb}}. gHere gthe gsets g{a} gand g{b} gare ggη-closed gsets, gbut 

g{a} {b} g= g{a, gb} gis gnot ggη-closed gset. 
ii) gLet gX g= g{a, gb, gc} gwith gτ g= g{X, gφ, g{a}}. gHere gthe gsets g{a, gb} 

gand g{a, gc} gare ggη-closed gsets, gbut g{a, gb} {a, gc} g= g{a} gis gnot 

ggη-closed gset. 
Remark g: g3.2The gfollowing gexample gshow gthat grg-closed, 

gαgr-closed, ggpr-closed gand ggη-closedare gindependent gof geach 

gother. g 
Example:3.12Let g(X,τ) gbe ga gtopological gspace gwhere gX g= g{a, 

gb, gc} gwith gτ g= g{X, gϕ, g{a}, g{c}, g{a, gc}}. gHere gthe gset g{a} gis ggη-
closed gbut gnot grg-closed, ggpr gclosed gand gαgr-closed gset. gAlso 

gthe gset g{a, gc} gis grg-closed, ggpr gclosed gand gαgr-closed gset gbut 

gnot ggη-closed. 
closed g g g g g g g g g g g g g g g g gsemi-closed g g g g g g g g g gr-closed g g g g g g g g g g g gα-closed 
 
η-closed g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g g ggα-closed 
 
rg-closedgη-closedgpr-closed 
 
sg-closedgαr-closed g g g g g g g g g g g g g g g g g g g g g g g g g 
gs-closed g g g g g g g g g g g gg-closed g g g g g g g g g g g g g g gg* g-closed 
Remark g:3.3 gFrom gthe gabove gdiscussion gwe ghave gthe 

gfollowing gimplications. g g g 
 gA g g g g g g g g g g g g g gB gmeans gA gimplies gB gbut gnot gconversely, gA g g g g g g g g g g g g g 

g g g gmeans gA gand gB gare gindependent. g 
Theorem g: g3.12 gFor ga ggη-closed gset gA,ηcl(A) g─ gAcontains gno 

gnon-empty gclosed gset, gand gthe gconverse gis gtrue gif gthe 

gintersection gof ga gclosed gset gand ga gη-closed gset gis ga gclosed gset. 
Proof: gNecessity: gLet gM gbe ga gnon-empty gclosed gset gin gX gsuch 

gthatM g ηcl(A) g─ gA  gThenA  gX g─ gM  gSince gA gis ggη-closed 

gset gand gX g─ gM g gis gopen, g gηcl(A) g  gX g─ gM  gThat gisM g  gX g─ 

gηcl(A)  gSo gM g  g( gX g─ gηcl(A) g)   ( gηcl(A) g─ gA) Therefore 

gM g= gφ. 
Sufficiency: gLet gus gassume gthat gηcl(A) g─ gAcontains gno gnon-

empty gclosed gset. gLetA g  gU, gwhere gU gis gopen. gSuppose gthat 

gηcl(A) gis gnot gcontained gin gU, gηcl(A) g) Ucis gnon-empty 

gclosed gset gcontained gin gηcl(A) g─ gAwhich gis ga gcontradiction. 

gTherefore gηcl(A) g  gU. gHence gA gis ggη-closed. 

Theorem g: g3.13 gIf gA gis ga ggη-closed gset gin gX gand gA g  gB 

g ηcl(A). gThen gB gis galso ggη-

closed gin gX  
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Proof: gLet gB g  gU, gwhere gU gis gopen. gSince gA g  gB g  gU gand gA 

gis ggη-closed, gηcl(A) g  gU.As gB g ηcl(A),ηcl(B) g ηcl(A). 

gHenceηcl(B) g  gU. gTherefore gB gis ggη-closed gin gX  
Theorem g: g3.14 gLet gA gbe ga ggη-closed gset gin gX. gThen gA gis gη-
closed gif gand gonly gif gηcl(A) g─ gA gis gclosed. 

Proof: gLet gA gbe ga ggη-closed gset gin gX  gIf gA gis gη-closed gthen 

gηcl(A) g─ gA g= gφ  gwhich gis ga gclosed gset. gConversely, glet gηcl(A) 

g─ gAbe gclosed. gIn gtheorem g3.12, git gis gproved gthat gηcl(A) g─ gA 

gdoes gnot gcontain gany gnon-emptyclosed gset gand ghence gηcl(A) 

g─ gAdoes gnot gcontain gany gnon-empty gclosed gset. gSo gηcl(A) g─ 

gAis ga gclosed gsubset gof gitself gand gthen gηcl(A) g─ gA g= gφ  gThis 

gimplies gthat gA g= gηcl(A)  gTherefore gA gis ga gη-closed gset. 
Remark g:3.4The gassumption gthat gA gis ggη-closed gin gtheorem 

g3.14, gis gnecessary. gLet gX g= g{a, gb, gc, gd} gwith gτ g= g{X, gφ, g{a}, 

g{b}, g{a, gb}, g{a, gb, gc}}, gLetA g= g{a, gb, gc}. gHere gη-closed gsets 

gand ggη-closed gsetsare{ gX, gφ, g{a}, g g{b}, g{c}, g{d}, g{a, gc}, g{a, 

gd}, g{b, gc},{b, gd},{c,d}, g{a, gb, gd}, g{a, gc, gd}, g{b, gc, 

gd}}  Althoughηcl(A) g─ gA g= g{d} gis gclosed, gA gis gnot gη-closed, 

gsince git gis gnot ggη-closed. 
Definition g: g3.2 gFor ga gsubset gA gof( gX, gτ), gthe gintersection gof 

gall ggη-closed gsets gcontaining gA gis gcalled gthe ggη-closure gof gA 

gand gis gdenoted gby ggη-cl(A)  
That gis, ggη-cl(A) g= gcl g(A) g= g { gM g: gA M, gM gis ggη-closed gin 

gX g} 
Remark g: g3.5Since gthe garbitrary gintersection gof ggη-closed gsets 

gis gnot gnecessarily ggη-closed, ggη-cl(A) gis gnot gnecessarily ga 

ggη-closed gset. 
Remark g: g3.6If gA gand gB gare gany gtwo gsubsets gof(X, gτ), gthen 
(i)gη-cl(φ) g= gφ gandgη-cl(X) g= gX. 

(ii) gA g  gB g   gη-cl(A) g gη-cl(B). 
(iii)gη-cl(gη-cl(A)) g g=gη-cl(A). 

(iv)gη-cl(A   B)   gη-cl(A)   gη-cl(B) g 

(v)gη-cl(A   B)   gη-cl(A)   gη-cl(B)  
Theorem g: g3.15 gFor ga gsubset gA gof(X, gτ) gand gx g  gX, ggη-cl(A) 

gcontains gx gif gand gonly gif gX  gA φfor gevery ggη-open gset gX 

gcontaining gx. 

Proof: gLet gA g  gX gand glet gx g gη-cl(A). gIf gpossible glet gthere 

gexists ga ggη-open gset gA gcontaining gx gsuch gthat gX g  gA g= gφ. gA 

g  gXc,gη-cl(A) g Xcand gthen gx g gη-cl(A), gwhich gis ga 

gcontradiction. gTherefore gX g A φfor gevery ggη-open gset gX 

gcontaining gx   
Conversely, gassume gthat gx g gηcl(A). gThen gthere gexists ga ggη-

closed gset gM gcontaining gA gsuch gthat gx g  gM. gTherefore gx g  

gMcand gM gc gis ggη-open, gM gc  gA g= gφ, gwhich gis ga 

gcontradiction. gHence gx g gη-cl(A) gif gand gonly gif gX g  gA g g φ, 

gfor gevery ggη-open gset gX gcontaining gx  

IV. GΗ-OPEN GSETS GAND GGΗ-NEIGHBOURHOODS 

GIN GTOPOLOGICAL GSPACES 

In gthis gsection gthe gnotion gof ggη-open gsets gis gintroduced gand 

gusing gthat, gthe gcharacterizations gof ggη-neighbourhoods gare 

gobtained. 
Definition g: g4.1 gA gsubset gA gof ga gtopological gspace(X, gτ) gis 

gcalled ggη-open gset gif gAc gis ggη-closed gin gX. gThe gfamily gof gall 

ggη-open gsets gin gX gis gdenoted gby gGηO(X, gτ). 

Definition g: g4.2 gFor ga gsubset gA gof g(X, gτ), gthe gunion gof gall ggη-
open gsets gcontained gin gA gis gcalled gthe ggη-interior gof gA gand gis 

gdenoted gby ggη-int(A)  
That gis, ggη-int g(A) g= g {M: gA  gM, gM gis ggη-open gin gX}. 
Remark g:4.1 gEvery gopen gset gis ggη-open gset. 
Remark g: g4.2(i) gFinite gintersection gof ggη-open gsets gneed gnot 

gbe ggη-open. 
(ii) gFinite gunion gof ggη-open gsets gneed gnot gbe ggη-open. 

Theorem g: g4.1 gSupposeη-int(A) g  gB g Aand gif gA gis ggη-open 

gin gX, gthen gB gis galso ggη-open gin gX  
Proof: gSuppose gthat gη-int(A) g  gB g A gand gA gis ggη-open gin 

gX  gthen gAc  gBc gη-cl g(Ac). gSince gAc gis ggη-closed gin gX  gby 

gtheorem g3.13, gB gc gis ggη-closed gin gX  gHence gB gis ggη-open gin 

gX  
Theorem g: g4.2 gA gsubset gA  gX gis ggη-open gif gand gonly gif gM 
 -int(A), gwhenever gM gis ga gclosed gset gand gM A. 

Proof: gNecessity: gLet gA gbe ga ggη-open gset gand glet gM A, 

gwhere gM gis gclosed. gThen gX g─ gAis ga ggη-closed gset gcontained 

gin gthe gopen gset gX g─ gM. g gHenceηcl(X g─ gA) g X g─ gM  gSince 

gηcl(X g─ gA) g=X g─ gη-int(A), gwe ghave gX g─ gη-int(A)   X g─ gM. 

gThus gM  -int(A). 

Sufficiency: gLet gM gbe gclosed gand gM A gimplies gM  -

int(A). g gLet gX g─ gA g  gU, gwhere gU gis gopen.Then gX g─ gU g  gA, 

gwhere gX g─ gU gis gclosed. gBy ghypothesis gX g─ gU g η-int(A)  
gThat gis, gX g─ gη-int(A)   U. gThen gη-cl(X g─ gA) g U gimplies gX 

g─ gA gis ggη-closed. gTherefore gA gis ggη-open. 

Definition g: g4.3 gLet gx gbe ga gpoint gin ga gtopological gspace gX   gA 

gsubset gN gof gX gis gsaid gto gbe ga ggη-neighbourhood gof gx gif gand 

gonly gif gthere gexists ga ggη-open gset gG gsuch gthat gx g  gG g  gN. 
Definition g: g4.4 gA gsubset gN gof ga gtopological gspace gX gis gcalled 

ga ggη-neighbourhood gof gA  gX gif gand gonly gif gthere gexists ga 

ggη-open gset gG gsuch gthat gA g  gG g   N. 

Theorem g: g4.3 gEvery gneighbourhood gN gof g gx g  gX g gis ga ggη-

neighbourhood gof gx  
Proof: gLet gN gbe ga gneighbourhood gof ga gpoint gx g  gX. gBy 

gdefinition gof gneighbourhood, gthere gexists gan gopen gset gG gsuch 

gthat gx g  gG g  gN. gSince gevery gopen gset gis ggη-open, gN gis ga ggη-
neighbourhood gof gx 

Remark g: g4.3In ggeneral, ga ggη-neighbourhood gof gx g  gX gneed 

gnot gbe gneighbourhood gof gx gin gX gas gseen gfrom gthe gfollowing 

gexample. 
Example g: g4.1 gLet gX g= g{ ga, gb, gc} gwith gtopologyτ g= g{X, gφ, g{a}, 

g{b}, g{a, gb}}. gThen ggη-open gsets gare{X, gφ, g{a}, g{b}, g{a, gb}, 

g{a, gc}, g{b, gc}}. gThe gset g{b, gc}is ga ggη-neighbourhood gof g{c}, 

gsince gthe ggη-open gset g{b, gc} gis gsuch gthat gc g  g{b, gc} g  g{b, gc}. 

gHowever, gthe gset g{b, gc} gis gnot ga gneighbourhood gof gthe gpoint 

g{c}, gsince gno gopen gset gG gexists gsuch gthat g{c} g  gG g  g{b, gc}. 

Remark g: g4.4 gThe ggη-neighbourhoodN gof gx g   X gneed gnot gbe 

ggη-open gin gX. 
Example g:4.2 gLet gX g= g{ ga, gb, gc} gwith gtopologyτ g= g{X, gφ, g{b, 

gc}}.Then ggηO(X, gτ) g= g{X, gφ, g{b}, g{c}, g{b, gc}}. gThe gset g{a, 

gc} gis ga ggη-neighbourhood gof 

g{c}, gsince gc g  g{c} g  g{a, gc}. G 
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But gthe gset g{a, gc}is gnot ggη-open. 
Theorem g: g4.4 gIf ga gsubset gNof ga gspace gX gis ggη-open, gthen gN gis 

ga ggη-neighbourhood gof geach gof gits gpoints. 
 

Proof: gLet gN gbe ggη-open gand gx g   N. gThen gN gis ga ggη-open gset 

gsuch gthat gx g   N g  gN.Since gx gis gan garbitrary gpoint gof gN, git 

gfollows gthat gN gis ga ggη-neighbourhood gof geach gof gits gpoints. 
Theorem g: g4.5 gLet gX gbe ga gtopological gspace. gIf gM gis ggη-

closed gsubset gof gX gand gx g   M gc, gthen gthere gexists ga ggη-

neighbourhoodN gof gx gsuch gthat gN g   M= gφ. 

Proof: gLet gM gbe ga ggη-closed gsubset gof gX gand gx g   M gc.Then 

gM gc gis ga ggη-open gset gof gX  g gBy gtheorem g3.14, gM gcis ga ggη-
neighbourhood gof geach gof gits gpoints. gHence gthere gexists ga ggη-

neighbourhoodN gof gx gsuch gthat gN  gM gc. gThat gis gN g   M g= 

gφ. 

Definition g: g4.5 gLet gx gbe ga gpoint gin ga gtopological gspace gX  gThe 

gset gof gall ggη-neighbourhoods gof gx gis gcalled gthe ggη-

neighbourhood gsystem gat gx gand gis gdenoted gby ggη-N(x)  
Theorem g: g4.6 gLet gX gbe ga gtopological gspace gand gfor geach gx g 
  X, gthe ggη-neighbourhood gsystem g ggη-N(x) ghas gthe gfollowing 

gproperties: 

(i) gFor gall gx g   X,gη-N g(x) g   φ. 

(ii) gN g   gη-N(x) gimplies gx g   X. 

(iii) gN g gη-N g(x), gM g   N gimplies gN g gη-N g(x). 

(iv) gN g   gη-N(x) gimplies gthere gexists gM g   gη-N(x) gsuch 

gthat gM g   N gandM g   gη-N(y)for gevery gy g   M. 
Proof: 
(i) gSince gX gis ga ggη-open gset, git gis ga ggη-neighbourhood gof 

gevery gx g  gX. gHence gthere gexists gat gleast gone ggη-

neighbourhood g(namely gX) gfor geach gx g  gX. gTherefore ggη-

N(x) φfor gevery gx g  gX  
(ii) gLet gN g gη-N(x), gthen gN gis ga ggη-neighbourhood gof gx By 

gdefinition gof ggη-neighbourhood, gx g  gN. g 

(iii) gLet gN gη-N(x) gand gM g   N. gThen gthere gis ga ggη-open 

gset gG gsuch gthat gx  gG g N. g gSince gN g   M, gx g   G g   Mand 

gso gM gis ga ggη-neighbourhood gof gx  gHence gM g gη-N g(x). 

(iv) gLet gN g gη-N g(x), gthen gthere gis ga ggη-open gset gM gsuch gthat 

gx  gM g   N.Since gM gis ga ggη-open gset, git gis ga ggη-

neighbourhood gof geach gof gits gpoints, gTherefore gM g  gN(y) gfor 

gevery gy g  gM  
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