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APPROXIMATION ON CORDIAL GRAPHIC TOPOLOGICAL SPACE
D. SASIKALA! AND A. DIVYA

ABSTRACT. The basic notions of CG-lower and CG-upper approximation in
cordial topological space are introduced, which are the core concept of this
paper and some of it’s properties are studied. Furthermore, we have inves-
tigated some results, examples and counter examples are provided by using
graphs.

1. INTRODUCTION

In practical life events need some sort of approximation to fit mathemati-
cal models. In 1982 Z. Pawlak [4], Introduced Rough set theory to handle
Vagueness, imprecision and uncertainty in data analysis. There exists general-
ization of pawlak approximation space used by general topological structure.
Pawlak’s definitions for lower and upper approximations were introduced with
the reference of equivalence relation [2]. Pawlak and Skowron [5,6] derived so
many properties of the lower and upper approximations. H.M. Abu-Donia [2]
discovered generalization of classical rough membership function of Pawlak
rough sets and he concluded that generalized rough membership function can
be used to analyze which decision should be made according to a conditional
attribute in decision information system in 2013. In 2017, Y.Y. Yousif and S.S.
Obaid [10] initiated Supra Approximation spaces using mixed degree systems
in graph theory and they introduced two topological spaces, namely o-space
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and i-space. Sufficient conditions were discussed by Soon-Mo-Jung [8] that
the intersection of subsets to be open. Some properties of interior and clo-
sure in general topology, were discussed in 2019 by Soon-Mo-Jung and Doyun
Nam [9]. In this paper our approach is based on upper and lower approxima-
tion in cordial graphic topological space.

2. PRELIMINARIES

The brief summary of definitions are given below.

Definition 2.1. [1] Let A C X, then the upper approximation (resp.the lower
approximation) of A is given by,
RA={ze€e X :R,NA+#0}
RA={re X :R, C A},
where R, C X to denote the equivalence class containing + € X and X/R to
denote the set of all elementary set of R.

Definition 2.2. [3] A mapping f : V(G) — {0, 1} is called binary vertex labeling
of G and f(v) is called the label of the vertex v of G under f.

The induced edge labeling f* : E(G) — {0,1} is given by f*(e = uwv) = |f(u) —
f(v)|. Let us denote v¢(0), vs(1) be the number of vertices of G having labels 0 and
1 respectively under f and e;(0),es(1) be the number of edges of G having labels
0 and 1 respectively under f*.

Definition 2.3. [3] A binary vertex labeling of a graph G is called a cordial
labeling if |vs(0) —vs(1)| < 1 and |ef(0) —es(1)| < 1. A graph G is called cordial
if it admits labeling.

Definition 2.4. [3] A binary vertex labeling of a graph G with induced edge
labeling f* : E(G) — {0,1} defined by f*(uv) = |f(u) + f(v)|(mod2) is called
sum cordial labeling if |vs(0) — vs(1)] < 1 and |ef(0) — ef(1)| < 1. A graph G is
called sum cordial if it admits sum cordial labeling.

Definition 2.5. Let G = (V(G), E(G)) be a simple graph with sum cordial label-
ing and with out isolated vertex. Define Sgq) and Sgaq) as follows. Sgoa) =
{Icole € E} and Spuay = {l.le € E} such that 1. and I, is the inci-
dence vertices having label 0 and 1 respectively. Since G has no isolated vertex,
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Sk YUSEae) forms a subbasis for a topology ¢ on V is called cordial incidence
topology of G and it is denoted by (V, 7¢;).

Definition 2.6. Let G = (V(G), E(G)) be a sum cordial graph and admits cordial
incidence topology 7¢; induced by V and H be the subgraph of G, then the interior
and closure of H has the following form,

inter[V(H)] = U{U € 1e|U CV(H)},

cler[V(H) =n{U e 7&,|V(H) CU}.

Definition 2.7. [7] Let G = (V(G), E(G)) be a simple graph with sum cordial
labeling and with out isolated vertex. Define Sy and Sig as follows. Syq =
{Ayylv € V} and Si¢ = {Avq)|lv € V} such that A,y and A,y is the set of
all vertices adjacent to v of G having label 0 and 1 respectively. Since G has no
isolated vertex, SoqU.S1q forms a subbasis for a topology 7 on V is called cordial
graphic topology of G and it is denoted by (V, ¢ ).

Theorem 2.8. [7] Suppose that G = (V, E) is a sum cordial then the graph G
admits the cordial Alexandoff space.

Theorem 2.9. [7] Let G = (V, E) be a sum cordial graph which admits cordial
graphic topology (V,7cq). If u € %o then A, C A, for every vertex u,v having
label 0 or 1 in V, where % is the intersection of all open sets containing .

3. CG-LOWER AND CG-UPPER APPROXIMATION

Definition 3.1. Let G = (V(G), E(G)) be a sum cordial and admits cordial
graphic topology Tc¢ induced by V and G, be the subgraph of G, then the in-
terior and closure of G has the following form,

intcg[V(Gl)] = U{U € TCG|U - V(Gl)},

coalV(G1)] = U € 766IV(G1) C U}

Example 3.2. Let us consider the sum cordial graph with V. = {vy,vs,v3, 04}
and E = {ey,eq,e3,e4}. From the fig. 1, we have A, (0) = {vs,v3}, A, (1) =
{v1,v3,04}, Aps(0) = {v1,v2}, Ay, (1) = {v2}, So¢ = {{ve,v3}, {v1,v2}} and
Sic = {{v1,v3, 04}, {2} }.

Thus Soc U S1c = {{ve, v3}, {v1,v2}, {v1,v3, 04}, {va2}},

e = {V,0,{va, v3}, {v1, 2}, {v1,v3, 04}, {va}, {v1, v2, 03}, {v3}, {v1, 03}, {vi}}.
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FIGURE 1
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Now let us consider the subgraph G of G as follows,
Vi V2

V3
FIGURE 2

From fig. 2 we have, V(G1) = {v1,ve,v3}, intcg|V(G1)] = {v1,v2,v3} and
cleg[V(G1)] = {v1,v2, 3, v4}.
Definition 3.3. Let G = (V(G), E(G)) be a sum cordial and admits cordial
graphic topology 1 induced by V and G, be the subgraph of GG, then the bound-
ary of GG is defined by,
bcg[V(Gl)] = Clcg(V(Gl)) — intcg(V(Gl)) .

Definition 3.4. Let G = (V(G), E(G)) be approximation space and 7¢¢ be the
cordial graphic topology induced by V and let G, be the subgraph of G, then
CG-lower (resp. CG-upper) approximation of GG is defined by

Log[V(Gl)] = intcg[V(Gl)] and ch[V(Gl)] = Clcg[V(Gl)].

Definition 3.5. Let G = (V(G), E(G)) be approximation space and 7¢¢ be the
cordial graphic topology induced by V and let G, be the subgraph of G, then
CG-boundary region of (G, is defined by,

BealV(G)] = UcalV(G1)] = Lea[V(GL)] -
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4. PROPERTIES OF CG-LOWER AND CG-UPPER APPROXIMATION

Theorem 4.1. Let G, be the subgraph of G = (V(G), E(G)), where G be a sum
cordial graph which admits cordial graphic topology 1o then,

(1) V(G) = Leg[V(G)] = UcclV(G) = V(G1)],

(2) V(G) = UcclV(G1)] = Lea[V(G) = V(Gh)].

Proof.
(1) V(G) = Log[V(G1)] = V(G) = HU € 1celU C V(Gh)}

- N ve-U

Uetcq,UCV(G1)

_ N W

Were o,V (G) -V (G1)CW
=W € 6c|V(G) = V(Gi) S W}
V(G) — Leg[V(G1)] = UccV(G) = V(Gh)]
(2) V(G) = UcclV(G1)] = V(G) — N W

Were,V(G1)CW

- U V(G) - W

Werg o, V(G1)CW

_ U U

Uerca,UCV(G)-V(G1)

= {U € 17¢¢|U CV(G) — V(G1}

V(G) = UcglV(G1)] = LoclV(G) = V(GY)]
O

Theorem 4.2. Let GG, and G, be two subgraphs of G containing atleast two ver-
tices, where GG be a sum cordial graph which admits cordial graphic topology. If
V(Gh) and V(G,) satisfy the following conditions,

(1) V(G1) NV (G2) N BeglV(G2)] =V (1),

(2) V(Gy) € 7ca,
then V(G1) NV(Gs2) € 16 -
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Proof. Since V(G,) NV (Gy) = V(D) or V(G1) NV (Gs) = V(G)
Let us assume that,
V(G1) NV(Gz) # V(0) and V(G1) N V(G2) # V(G).
= v € V(G1) NV (Gy)
= 11 ¢ Beg[V(G2)] (by using the first condition(1))
Since, vy € V(G2) = vy € Leg[V(Ga)]
= V(G1) NV (Gy) CV(Gy) N Leg[V(G2)]
or
V(G1) NV(G2) = V(G1) N LealV(Go)l,
by using the second condition (2)
V(G1) NV (Gs) = V(G1) N LegV(Gy)), is open. O

Theorem 4.3. If G, and G4 be two subgraphs of G, where G is a sum cordial
graph which admits cordial graphic topology then,

LoV (Gh)] = UcelV(G2)] = Lea[V(Gr) — V(Ga)).

In addition, the following two conditions are equivalent:

(1) UcclV(G1)] = LeglV (Ga)] = UcalV (Gh) = V(Ga)],
(2) Log[(V(G) = V(G1)) UV (Ga)] = LealV(G) = V(G1)] U LealV(G2)] -

Proof. L[V (G1)] — UcglV(G2)]
= Lea[V(G1)] NIV(G) = UcclV(G2)]0
= LoV (G1)] N Leg[V(G) — V(G3)] (by Theorem 4.1 (2))
= Leg[V(G) NV(G) = V(Gs)l,
Therefore, Log[V(G1)] — UcclV (G2)] = Loa[V(Gh) — V(Gy))
(1) Let us asume that (2) = (
V(G) = Ucc[V(G1) = V(G2
= V(G) = Ucc|V(G1) NV(G) = V(G2)]

= LealV(G) — (V(G1) NV(G) = V(Gy))]

= Leg[(V(G) = V(G1)) UV(G2)]

= Leg[V(G) = V(G1)| U LoglV(G2)]

= (V(G) = Ucc[V(G1)]) U LoclV(G2)]

= (V(G) = Ucc[V(G)]) U (V(G) = (V(G) — LecV(G2)]))

= V(GQ) = (Ucc[V(G1)] N (V(G) = Lea[V(G)]))
V(G) = UcclV(G1) = V(Ga)] = V(G) = (Uca[V(G1)] = Lea[V(G2)))
= Ucc[V(G1)] — Lea[V(G2)] = Uce[V(Gr) — V(G2)]
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(2) Let (1) = (2). Assume that,
= UcclV(G1)] = LealV(Ga)] = UcalV(Gh) = V(G)]
= V(@) = (UcaV(G1)] = LealV(G2)))
V(G) —

(4.1 = V(G) = UcclV(G1) = V(G)].
Now,
V(G) — (UcclV(G1)] = LealVa,))
= V(G) = (UcclV(G)] N (V(G) = LealV(G2)]))
= (V(G) = Ucc[V(G1)]) U Lea[V(Gy)]
(4.2) = LeelV(G) = V(G1)] U LeglV(G2)]

V(G) — UcclV(G1) = V(G2)] = Lea[V(G) = (V(Gh) = V(G2))]
= LealV(G) = (V(G) N (V(G) = V(Ga)))]
(4.3) = Lec[(V(G) = V(G1)) UV(Ga)].
From (4.1), (4.2) and (4.3) we have:
Leg[(V(G) = V(G1)) UV(G2)] = Lea[V(G) = VI(G1)] U Lea[V(Ga)] -
[
Theorem 4.4. Let G, and G5 be two subgraphs of G containing atleast two ver-

tices, where GG be a sum cordial graph which admits cordial graphic topology. If
V(G,) and V (G,) satisfy the following conditions:

(1) Leg[(V(G) = VI(G)) UV (Ga)] = LeglV(G) — V(G| U Leg[V (G2

(2) V(Gl) € Tcq, and

(3) Ucc|V(GY)] = V(Gs) € Tég, then V(G1) NV (Gs) € Tog

Proof. Since V(G1) NV (Gz) = V(D) or V(G1) NV (Gs) = V(G). Let us assume
that V(G1)NV(Gq) # V(D) or V(G1)NV(G2) # V(G) and V(G1)NV(G2) ¢ Tcq-
Let v; be the vertex with the condition:

(44) V1 € BCG[V(Gl) N V(GQ)] and U1 € V(G1> N V(Gg) .

If vy € Beg[V(Gh)], then vy ¢ V(Gy), since V(G1) € 7og, by condition (2),
which is contradictions to v; € V(G1) N V(Gs). Hence v; ¢ Beg[V(Gh)].
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Since v; € Bog[V(G1) NV (Gs)] € Beg[V(G1)] N BeglV(Ge)],

(4.5) = V1 € Bcg[V(Gg)] .
Now,
V(G1) N BeaV(G2)] = V(G1) N (UcclV(G2)] NUcclV(G) = V(G2)])
= V(Gl) N (UCG[V(GZ)] N V(G) - LCG[V(GQ)])
[

(4.6) = Ucc[V(G2)] N (V(G1) = LoelV (G2)))
C V(G2) N(V(G1) = LealV(G2))) .

From (4.4), (4.5) and (4.6) we have:

V1 € V(Gl) N BCG[V(GQ)] g V(Gl) - LC’G[V<G2)]
4.7) C UcclV(G1)] — LeglV(Go)l .-

From above Theorem 4.1, the condition (1) and (4.7) we have:

v € UcglV(G1)] — Leg[V(Gy)]
= UcclV(G1) = V(Gy)]
= v € Ueg[V (G — V(Gy))].

Since, U [V (G — V(Gs))] C Ucc|[V(Gh)] — V(G9),

(48) = V] € ch[V(Gl)] — V(GQ) .

Since from (4.4), v; € V(Gs) = v ¢ Ucc[V(G1)] — V(G2), which is contrary

to (4.8), therefore, V(G1) NV (G;) should be belongs to ¢ .

Theorem 4.5. Let subgraphs G, and G, be the mutually disjoints of G, that is
UcgV(G)| NV (Gs) = V(G1) NUcalV(Ge)] = V(D). If V(G1) UV (Gs) € 7o

then V(G1> € Toca and V(Gg) € Tca-

Proof. Since G, and G, are mutually disjoints of

= V(Gy) C V(G) — UcclV(G2)]

Since, V(G1) UV (G2) and V(G) — Uce[V (G)] are in 7¢¢.
= (V(G1) UV(G2)) N (V(G) = UcaV(G2)])

= (V(G1) NV(G) = Uca[V(G2)]) U (V(G2) NV(G) = UcalV(G2)])

=V(G)uV (D)
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= V(Gl) € Toa -
Similarly, V(G1) U V(G,) and V(G) — Uga[V (Gs)] are in 7¢q
= (V(G1) UV(G2)) N (V(G) = Uce[V(G1)])
= (V(G1)NV(G) = UcclV(G1)]) U (V(G2) NV(G) = UcclV(G1]))
=V({0)uV(Gs)
= V(Gg) Srelel ]

Theorem 4.6. For subgraphs GG, and G5 of sum cordial graphs G which admits
cordial graphic topology 7cq, the following two statements are equivalent,

(1) Ucg[V(G1) NV (Gs)] = Uca[V(G1)] N UcclV (G2)]
(2) BealV(G1) NV (G2)] = (Beg[V(G1)] U BeglV(G2)]) N (Uca[V(G1)] N
Ucc[V(G2)])

Proof. (1) Let us assume that, (2) = (1)
UcclV(G1) NV (Ga)] = Leg[V(G1) N V(G2)] U Bog[V(G1) NV (G2)]
= (Lea[V(G1)NLea|V (Ga))U(Beoa[V (G1)|UBea[V (G2)])N
(Ucc[V(G1)|NUccV(G2)]
= (Lea[V(Gy
(Lea[V(G1)] N Leg[V(G2))
= (ch[V(Gl
(Ucc[V(G1)] N Ucc[V(G2)]
= (Lea[V(Gy
Beg[V(G1)] U BoglV (Ga))
= (Uca[V (G
(Ucc[V(G1)] N UcclV (Ga)
= (Ucc|V(G
(Boa|V (Ga)|NUc[V (Go)]
UcclV (Ga)])
= (Ucc[V(G1)]NUcq[V(G2)|UBca[V(G1)|UBea[V (G2)|U
(Boa[V(G1)] U BeaV(G2)]) N (UcalV (G1)] N UcclV (Go)])
= Ucc[V(G1)] N Ucc[V(G2)] -
(2) Assume that, (1) = (2 )
Beo[V(Gh) N V(Ga)] =
V(G2))]

~— —

INLea[V(Ga))U(Bea[V (G1)|UBea[V (G2)])N
U (Ucg[V(G1)] N Ucc|V (G2)])
INLea[V(G2)JUBea[V(G1)|UBea[V (G2)))N

~_ — —

JUBce|V(G1)|UBca[V(G2))N(Lea[V(G2)|U
(UceV(G1)] N UcalV(G2)])
JUBca[V(G2))N(Uca[V (Ga)|UBea[V (G1)])N

—_
\_/\/

—
~— — —

INUcc[V (G2))U(Ucc|V (G1)]NBea[V(G1)])U
U(Beoa[V(G2)JUBea[V (G2))N(Uca[V (G1])N

~—

calV(G1) NV(G)] NUcelV(G) = (V(G1) N

= (Uce[V(G1)]NUccV(G))NV(G) = Lea[V(G1)NV(G2))]
(by Theorem 4.1 (1))
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= (UcclV(G1)] N UcclV(G2)]) N (V(G) = (Lea[V(G1)] N

[ ) )DUUcc|V(G1)]NBealV (G2)])

= (Bea[V(G)]UWUce[V (G2)))N(Bea[V (G1)]UBea[V (G2)])N

(UcaV(G1)] U UccV(G1)]) N (Uca[V(G2)] U BeglV (G2)])
(Boa|V(G1)]U Beg[V(Ga)]) N (UcalV (G1)]U

]
= (Bea[V(G)IU Bea[V(G2)]) N (UcelV (G N UcalV(G2)]) -
O
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