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ABSTRACT. In this paper, we present a sufficient condition for the unique existence of so-
lutions for a coupled system of nonlinear fractional Langevin equations with a new class of
multipoint and nonlocal integral boundary conditions. We define a Z.;—contraction map-
ping and present the sufficient condition by identifying the problem with an equivalent
fixed point problem in the context of b-metric spaces. Finally, some numerical examples
are given to validate our main results.

1. Introduction

Langevin[8] developed a mathematical equation, naturally termed as Langevin
equation, of Brownian motion in 1908; later, Kubo[7] conceived a generalized
Langevin differential equation, with a fractional memory kernel, in order to
depict the fractal processes. The existence and uniqueness of solutions for a
Langevin initial value problem with two fractional orders, is investigated by Yu et
al.[13] in 2014; the existence of solutions of nonlinear fractional initial and boundary
value problems in this context are discussed in [1, 4, 5, 9, 10, 13, 15].
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In this paper, we consider the following coupled system of nonlinear fractional
Langevin equations:

‘DP (D +y)a(t) = ftx(t)y(t)
(L.1) ‘DP (D +)ylt) = [flty(t),z(t), t€0,1]

supplemented with the boundary conditions:

(1.2) z(0) = y(0) = 1;

(1.3) ‘D%x(1) +yx(1) = Dy(1) +vy(1) = 0;
n 9

(1.4) 2(1)+y(1) = > a; [ (@(s) +y(s))ds + bs(2(8:) +y(5:));
1=1 0

1
(1.5) /0 (x(t) — y(t))dt = 0.

where, a € (0,1], 8 € (1,2], vy € R*, a;,b; e Rfori =1,2,--- ;n, 0 < §; < Jp <
o<y, <land f:[0,1] x R xR — R is a continuous function.

This paper is organised as follows. In Section 2, some necessary antecedents are
provided. In Section 3, we define a Z;—contraction mapping and prove a coupled
fixed point theorem. We apply the obtained coupled fixed point theorem to establish
the sufficient conditions for the existence and uniqueness of solutions to the system
(1.1) in Section 4. Finally, numerical examples are provided to show the applicability
of our results.

2. Preliminaries

Definition 2.1.([2]) Let X be a nonempty set and b > 1 be a given real number.
A function d : X2 — [0, 00) is said to be b-metric if for all x,y,2 € X,

(Bl) d(z,y) =0z =y;

(B2) d(z,y) = d(y, );

(B3) d(z,2) < bld(z,y) + d(y, 2)].

The pair (X, d) is called a b-metric space.

Definition 2.2.([3]) A point (z,y) € X? is said to be a coupled fixed point of
F:X? 5 X if F(z,y) =2 and F(y,x) = y.

Definition 2.3.([6]) Let ¢ : [0,00)? — R, then ( is said to be a simulation function
if it satisfies the following conditions:
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(C1) ((t,s) <s—t, forallt,s>0;
(€2) if {tn}, {sn} are sequences in (0,00) such that lim ¢, = lim s, =1 > 0,

n—oo n—oo

then lim sup ((t,, s,) < 0.

n—oo

We denote the collection of all simulation functions by Z.

Definition 2.4.([13]) The Riemann-Liouville fractional integral of order ¢ for a
continuous function f is defined as

50 = 5 [ st 070

provided the integral exists, where I' is the Gamma function defined by
[(z) = [t te~dt.

Definition 2.5.([13]) Let f : [0,00) — R be an atleast n-times continuously
differentiable function. Then the Caputo derivative of fractional order ¢ of f is

given by .
. L[ s
D50 = g J, T

n—1<qg<n,n=|[g]+1, where [q] denotes the integer part of the real number g.

Lemma 2.6.([13]) For g > 0, the general solution of the fractional differential
equation “Dix(t) = 0 is given by
x(t)=co+ert+ -+ cpt"
where ¢; € R, 1 =0,1,--- ,;n—1, (n=[q] + 1).
Lemma 2.7.([13]) If 6 > a >0, n=[f] + 1 and x € C"[a,b], then
i. ¢DIPx(t) = I°~%x(t), holds almost everywhere on [0,1] and it is valid at
any point t € [0,1], whenever x € C[0,1]; °D*“I*x(t) = x(t), for all t € [0, 1];
ii. <D = T N > o) and “D 1 =0, A < o,

where C™[a, b] denotes set of all n times continuously differentiable function on [a, b
and C|0, 1] denotes the set of all real valued continuous functions on [0, 1].

3. A New Coupled Fixed Point Theorem

In this section we define a particular class of simulation functions Z* which we
use to formulate a new contraction.

Definition 3.1. Let ¢ be a simulation function. If we say ¢ belongs to the class Z*
then ((t,s1) < ((t, s2) whenever s1 < ss.

Here we note that the class Z* is a proper subset of the class Z, since the
function ((¢,s) = —t — s is in Z, but not in Z*.
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Definition 3.2. A 2-variable mapping F : X2 — X is said to be a Z;—contraction
with respect to ¢ € Z* if there exists A € [0,1] such that

B ¢ (M) (00 (= VMo ) + Mg 00) ) 2 0
whenever

A A
(32> §S($,y) S Ml(xayau>v> + ZS(U7U)

for all z,y,u,v € X, where

S(JL‘,y) = d(x,F(:c,y)) +d(y,F(y,:c));
My(z,y,u,v) = max{d(z,u),d(y,v)};
Mao(z,y,u,v) = max{d(z, F(u,v)),d(y, F(v,u)),d(u, F(z,y)),d(v, F(y,x))}.

Theorem 3.3. Let (X,d) be a complete b-metric space and F : X?> — X be a
Zj\-contmction with respect to ¢ € Z*, then F has a unique coupled fixed point in
X.

Proof. Let (zg,y0) € X2, then we can construct two sequences {x,} and {y,} such
that

Tpy1 = F(zn,yn) and yni1 = F(Yn, Tn)-

Suppose M1 (T, Yms Tmt1, Ymr1) = 0, for some m > 0, then z,, = z,,41 and
Ym = Ym+1, which implies (2, ym) is a coupled fixed point of F' as desired.

On the other hand, suppose My (Zn, Yn, Tni1, Ynt1) 7 0 for all n > 0, then the
following statements are hold:

1. The sequences {z,} and {y,} are asymptotically regular.

2. The sequences {z,} and {y,} must be Cauchy and has to converge to some
x and y in X respectively, as X is complete.

From here the proof of the theorem proceeds in two natural steps: proving that (z,y)
is the required coupled fixed point and then establishing its uniqueness. Indeed,
suppose

(3.3)

A A
28(1'77,73/71) > M1($n»yn79€73}) + Zs(xvy)

for infinitely many n, then by letting limit n — oo, we have

2 (e, P, 9) +dly, F(y,2))) <0
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which is possible only when F(z,y) =  and F(y,z) = y; otherwise there must
exists V € N such that

A A
55(377“:%) S Ml(xnv:‘ﬁuxay) + ZS(x7y)

for all n > N, but then by using contractive condition (3.1), we get

A
0< C <bd(l’n+1, F(SE,y)), (1 - /\)Ml(xnayﬂ.,zvy) + ZMQ(Invyna xz, y)) ;
for all n > N. Subsequently, by using (¢1), we get

A
bd(xn—&-la F(%Z/)) < (1 - )\)Ml(‘rrmyna x)Z/) + ZM2($mym33, y)v

for all n > N. Thus by letting limit n — oo on both sides of the above inequality,
we get

(3.4) b(e, Pz, y)) < 5 max{d(a, F(z. ), dly, F(y, 7))}

Now by repeating the same arguments used to obtain Equation (3.4), just by
interchanging x,, and y,, in Equation (3.3), we get

(35) by Fly,2)) < 3 max{d(y, Fy,2)). d(z, F(z, )}

Consequently, by adding (3.4) and (3.5), we have

bd(x, F(,)) +d(y, Flx,9))) < & max{d(a, F(x,v)). d(y. Fy,2))}
A

but as A € [0,1] and b > 1, it is easy to see that d(x, F(z,y)) + d(y, F(z,y)) =0
which implies that (z,y) is a coupled fixed point of F' as desired. Next, we claim
that © = y. Suppose z # y,then

gg($7y) = Xd(z, F(z,y)) + d(y, F(y,z)))

Owy

A
S Ml(mayayax)+18(yax)

by using contractive condition (3.1), we get

0

IN

¢ (b, (1= Vo) + )

ften. (1~ 2) o).

IN
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By using (¢1), we get

It is not possible, since

<
4

Hence it results that = y as required.
To the end, suppose (u,u) is an another coupled fixed point of F, then we have

gS(x,x) = 0
< M1($,$,U,U)+%8(U,u)

and therefore by using contractive condition (3.1), we get

0 < ¢ (bd(x,u), (1= N)d(z,u) + (1 - 32) d(%y)) ;

consecutively, by using (¢1), we get

which implies © = u, as 425’/\ < 1, which proves the uniqueness of (z, z). O

Example 3.4. Let X =[0,1.4] and d : X? — [0,00) be the mapping defined by
d(z,y) = |z — y|?, then clearly (X,d) is a complete b-metric space with coefficient
2. Let F: X? — X be the mapping defined by

z otherwise

Ln(m Y if (x 1,14
) €11

P(w,y)—{ 2 () € [l 14
3

If we let A = 0.5 and ((t,s) = 0.9s — ¢, then the contractive condition (3.1) in
Theorem 3.3 is satisfied and it is visible that, (0,0) is a unique coupled fixed point
of F.

Corollary 3.5. Let (X,d) be a complete b-metric space and F : X? — X be a
2-variable mapping. If there exists ( € Z* such that

(3.6) 0 < ((bd(F(z,y), F(u,v)), max{d(z,u),d(y,v)}),

for all x,y,u,v € X, then F' has a unique coupled fized point in X.
Proof. By letting A = 0 in Theorem 3.3, we get the proof. a
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Remarks 3.6. In corollary 3.5,

(i) If we take b =1, then we get the result of Santhi et al.[11].

(ii) If we let ((t,s) = ks —t, where k € (0,1) then we get the result posted by

Bhaskar and Lakshmikantham[3].

(iii) If we let ((t,s) = ¢(s) —t where ¢ : [0,00) — [0,00) is an increasing function
with 0 = ¢(0) < ¢(t) < t and lim+ ¢(r) < t for each t > 0, then we get the
r—t

results of Sintunavarat et al.[12] and Zlatanov et al.[14].

4. Existence Results

Let us define some notations for our convenience.

Ig:/(t}g;ﬂ(s)ds;
0
I8 = /1 (1= 8)ﬂ710(5)d5
2 J F(ﬁ) )
_[a-ee
If = / Tt 1)9(s)ds,
0
1
_ [ (A=s)er? :
Iy = / Ila+3+1) 8)ds;
04
Ig:/?ia_j)l)e(s)ds,
0

In addition, let

> a3 by
A b= ! .
""" T(a+1) T(a+2) TI(a+1)’
J— 1 1 .
MNa+3) Ta+2)’
> a;
A— _i=t i
Ay — Ay’

(t — s)oth-1
I'(a+ B)

(1—s)ot
I'(a)

I'(a+p)
0 _ (0 — 5)a_1
I; = o) 0(s)ds;
(5 — s)atpA-l
IG _ ( ®
9 Tt h) 0(s)ds;
0
S asft? Y bt
A = 1 — i=1 _ =1 .
" T(@+2) T(a+3) T(a+2)’
. 1 1 .
¢ = I'a+2) i Ia+1)
2. bi
B i=1

T A AL
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Here note that, none of the constants G, Ay, Ay are zero and A; # As.
Lemma 4.1. Let h,k : [0,1] — R be continuous functions. Then the solution of
the system of fractional differential equations
“DP (*D° +7)x(t) = h(t)
(4.1) ‘DI (CD*+7)y(t) = k(t), te0,1]

supplemented with the boundary conditions (1.2-1.5) is equivalent to the solution of
the following system of integral equations

x h h_ t* 1 _tt?t e
=I5+ 1 = 13 ot T 2 (F(a+2) - F(a+1))
=" A IpTF NIZTY NI§TY Itk
x(t) = (GF(a+2) t A A Taoa YT T Aa—As

(4.2)

h—k

I D BIFYY ALY 4 BINTR AI{L(jrk> ;

k k_ t* 1 tot! t>
*’YI(?)J + 17 — I T(a+1) +3 (F(a+2) B F(a+1)>
Ih—k A IDTF ~NIZTY ~ITTY IhtE
(4.3) y(t) = (_ oMo t Reoky T Ao T & T R

h—k
16

18 YBIFTY — y ALY 4 BIDTR 4 AI{LOM) .

Proof. Using Lemmas 2.6 and 2.7, we can reduce the fractional differential equation
(4.1) to the following system of integral equations

«@ ta+1
) = IP —~TF :
z(®) FTOT LT T T agg) Mot
IF +d i d g IV +d
t = —_
y(t) T+ or(a+1)+ 1F(a+2) vI§ + da,

where cg,c1,co,dy,d1,ds € R are arbitrary constants. Thus to substantiate our
claim, it is enough to find the constants cg, ¢1, ¢, dy, d; and da, which can be done
by simple computations as follows: using the boundary condition (1.2), we get

¢y =dgy = 0.
Subsequently, it is easy to derive the following expressions:
(4.4) cot+c =—Ib
and

(45) do +di = —Iéc



Solution to a Coupled System of Nonlinear Fractional Langevin Equations 445

by using the boundary condition (1.3).
Adding the above two equations, we get

(46) co + d() = —Ig'Jrk - (Cl + dl)
Subtracting the above two equations, we get
(47) Cco — d() = —Ig‘ik - (Cl — dl)

Further, we have

o - sa+l stz )
[l s = 1+ s oo+ do) + g oo+ ) = I
0
and
Itk of . +y
) N T _ % _% _~JT
z(6;) + y(d;) = Iy +F(a+1)(60+d0)+1“(a+2)(cl +dv) — I3

for all 1 < i < n and therefore from the boundary conditions (1.4), it is easy to
derive

(co+ do)Al + (Cl + CQ)AQ = —Ig-"_k + ’yI§+y + Zaiffg_k
=1
(4.8) A @IgT Y b =y b
=1 =1 i=1

On the other side, by computing the value of

Co — do Cc1 — d1
MNa+2) T(a+3)

— I

J RO
0

and substituting it in boundary condition (1.5), we have

Co — do C1 — d1
MNa+2) T(a+3)

Consecutively, by substituting (4.6) in (4.8) and (4.7) in (4.9), we get

(4.9) = —Ig 7 I

n* e
4.10 dy = —
(4.10) At = et ¢ V@
and
Ih-'rkA Ih+k Iz+y
c—d = 2 e +y-—2
AQ—Al AQ—Al A2_A1

(4.11) +ALSF —yAIZYY + BIJ™H — yBIZTY
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respectively. Further, by adding (4.10) and (4.11), it results that

S N oo/ U ALY i
2 GF(O( + 2) Ag - Al AQ - Al G
Ih+k Ih—k
(4.12) — A;’_ A 6 T YBIZ™Y — yAIZYY + BIDTF + AL |

Subsequently, by subtracting (4.10) from (4.11), we get

P Y RN - Y i
2 GF(a + 2) Ag - Al Ag - Al G
Ih+k Ih—k
(4.13) — A25_ AT 6G — BT — yAIT™ + BIJTF 4+ ALY |

Finally, by using (4.12) and (4.13), we get

ta ta+1 ta
£ = —AIE + 10— I ——— -
o) =—vlo + ' — gy e (I‘(a+2) r(a+1))
and o
t t t
t)y=—IY +1F - —— 44 —
v =+ I = L= T Fa ) T T s D
as desired. O

The following theorem gives a sufficient condition for the unique existence of a
solution for a system of non-linear fractional differential equations.

Theorem 4.2. Suppose there exists a constant L > 0 such that

[f(t,2(t),y(t) — f(t,u(t), v(t)| < Lmax{|z(t) — u(t)], [y(t) — v(t)]},
for each t € [0,1] and z(t),y(t), u(t),v(t) € C[0,1] and if

2L°R? < 1,
where
¥ 1 1
R + +
IMNa+1) T(a+p+1) T(a+D1I'(B+1)

G* 01 Ay 2p2
T (F(a 2 T A —A)T(BEL)  T(a+ D)

P3 n P4 )
Fa+B+1) T(a+B8+2))’
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with
1 2y -
= ————+— +24 sott,
TGy e 7; ’
'_y n
= ' BY s
P2 AQ—A1+7 ; i
p3 = #—FBi(SOH_B
Az — Ay i=1 t
1 "
ps = 5JFAZ(Sﬁﬁ“.
=1

Then the system of fractional boundary value problem (1.1) has a unique solution
on [0,1].

Proof. Indeed, in order to establish the inference of the theorem, we exhibit the
existence of solution for the coupled system of integral equations obtained from
previous lemma through our theory.

Let C be the complete b-metric space of all continuous functions from [0, 1] to
R with the metric

d(w(t), y(t) = sup |o(t) - y(®)*
t€[0,1]

Then it is clear to see that, the solutions of the derived coupled system of integral
equations are elements of C. Let

fey = [t 2(),y(t));

i = [f(E2),y(0) — f(E uld), v(D)));

Yo = [f(t2(),y(0) + f(E,y(1), 2(t) — f(E,u(d), v(t) — f(E,0(t), u(d))];
v = |z(t) —u®);

Yo = fx(t) +y(t) —u(t) —v()]

Let F': @2 — C be the function defined by

fa fu -
—I§ + L™ =1, yir((iﬂ)
1 o+l . ngyffym Al[gzyﬂw
+3 T(a+2)  T(at1) GT (a+2) + Ar—Aq
F(.’L’(t),y(t)) = ’Ylm+y N Ifwy+fyz Ifwy*fyz
3 4 5 6
YA T 6 T AA T G
—yBIZYY — yAIZTY 4 BIov e o Arfevt fw) .

Then
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[F(2(t), y(t)) — F(u(t), v(t))]

< ’7[1[)3 +I¢1 _1_11[)1 |t|a _1_1 ‘t|a+1 + |t|a
- o ! 2 T(a+1)  2\T'(a+2)  T(a+1)

LY AT L ST S
Gl(la+2) Ay—A;  Ag—A G Ay — Ny
IwQ

16

& TIBR+ YAIY* + BIJ? + AI{%‘)

< Lmax{lz(t) —u(t)|, ly(t) —v(t)[}
( pii [toth) Lol
IMNa+1) TI(a+B+1) Tla+1I(B+1)
1 |ta+1| |toz‘ N Al
2 (F(a +2) + T(a+ 1)) (GF(a +2T(B+1)  (Ay—ANT(B+1))
2y 2y 1
(Ag - A)T(a+1)) GF(aH) (A = A l(a+B+1)
- o 2vA
tar (a+ﬂ+2 2} +1)+Z‘5 ety

a « A
D e E RO ﬂ<+6+2>>>
< LRmaX{Ix()— ()|7|y()— (t)|}7

where
R = — _+ ! + !
 T(a+1) D(a+B+1) T(a+I(B+1)
G* p1 Ay 2p2
T3 (I‘(a ) " A)TB ) (Tt
P3 P4 )
IFa+B+1) T(a+B8+2))"

Therefore

bd(F (x(t), y(1), F(u(t), v(t))) < 2L* R* max(d((t), u(t)), d(u(t), v(1))),
which implies
0 < 207 R max(d(x(t), u(t)), d(u(t), v(t))) = bd(F(x(t),y(t)), F(u(t), v(t))).

Since 2L?R? < 1, by letting ((¢,s) = 2L2R?s — t in Corollary 3.5, it is clear to see
that the 2-variable mapping F' satisfies the hypothesis of 3.5 and therefore F' has
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a unique coupled fixed point in €. Thus the coupled system of Langevin fractional
differential equation has a unique solution. O

Example 4.3. Consider the coupled system of fractional Langevin
boundary value problem given by

cpLT(eDOS L B)(t) = t+ 37 +siny;
cpLT5(EDOS 4 B)y(t) = t+ %y +sina;
z(0) = y(0) = 0;

°D%®(x(1)) + 5x(1) =° D**(y(1)) + 5y(1) = 0;

0.1 0.4
z(1) 8/:10 ) +y(s ds—175/(x ) +y(s))ds
0 0

(0.1) + y(O.l) — 7.25( (0.4) + y(0.4));
and )
/O (2(t) + y(t))dt = 0,

where « = 0.5, 6 =175,y =05, n=2, a1 =8, ay = —1.75, by = 1, by = —7.25,
51 = 0.1, 62 = 0.4, f(t,z(t),y(t)) =t + t3x + siny. Then
Lf(t (), y(t)) — f(t,u(t),v(t))|

[t +t3x(t) + siny(t) — t — t3u(t) — sinv(t)]

< |Pla(t) = ul)] + [y(t) — ()|

< 2max{|z(t) —u(@®)], [y(t) —o(D)[}-
Calculating Aj;, As, G and R, we get A; = 6.0882, Ay, = 2.1539,
G = —-04513 and R = -—-0.2278. Consequently, by letting L = 2 and

computing 2L2R?, we get
2L°R? =0.4153 < 1

as desired. Thus the system satisfies all the conditions of Theorem 4.2 and hence
possess a unique solution.
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