CHAPTER-6




CHAPTER - O

FINITE-TIME STABILITY OF MULTI-TERM NONLINEAR
FRACTIONAL-ORDER INTEGRODIFFERENTIAL SYSTEMS
WITH MULTIPLE TIME DELAYS

6.1 INTRODUCTION

This chapter consisting of integrodifferential system of fractional-order with multiple
time delays and the F'T'S concept is discussed with the help of Gronwall inequality and
the conditions based on nonlinearity. In literatures the stability behavior studied for
the various type of integer order integrodifferential systems [71, 103]. The asymptot-
ical stability concepts have been examined in [103] for the nonlinear fractional-order
integrodifferential systems with the single Caputo fractional-order. In [42], the con-
trollability concept have been discussed for semilinear stochastic integrodifferential
systems. Also in [10], the controllability results have been studied for the case of
fractional nonlinear integrodifferential system with the fractional order ¢ € (0,1).
Only few results are available in the literatures related to the staility of fractional-
order integrodifferential systems involving time delays. So, the main motivation is to
study the FTS of multi-term fractional integrodifferential system with the existence
of multiple time delays. The multi-term nonlinear fractional order integrodifferential

systems with multiple time delays defined over the finite interval of time described
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by

§DMy(t) — A §D*y(t) = Boy(t) + ; Biy(t — pi)

(), / H(t, s, y(s))ds) + Cult), (6.1.1)

y(t) = 41(t). (1) = 6a(t), —p <t <0, teL=0,a)
where 0 < as < 1 < a7 < 2. Here the matrices A, B;, : = 0,1,...,n in R and
matrix C in R™™. u(t) € R™ denoted as control vector, p = max(p1, p2,...,pn), Pi
are positive constants. Also, f € C[L x R* x R",R"] and H € C[L x L x R* R"].
(H4) :The functions f(t,x,y) and H(t, s, y(s)) satisfy the conditions

1f @&zl < Dillel| + Dallyll, Vi€ L, z,y € R",
[H(E, s,y < Nullyll,

where Dy > 0, Dy > 0 and N; > 0 are constants.

Definition 6.1.1. /50, 60] The system described by (6.1.1) is finite-time stable with
respect to {to, L, 0, €, p}, iff « < d andVt € L, |u(t)| < any implies ||y(t)|| <e, Vit e
L. Here k = max{||¢1(t)|], [|¢2(t)]|} and d, €, cn, are positive constants.

6.2 MAIN RESULTS

Theorem 6.2.1. The muti-term fractional-order integrodifferential system (6.1.1) is

finite-time stable with respect to {6, €, L, a1y}, § <€, if

O-max<A>ta1_a2 a1 —an a1
{1+t+r(a1—a2+1)}E” (r(t) (T(on — ag)t™ =2 + T(an)t™))
—Tlu a1 E =
el <5 Viel [0, al, (6.2.1)

holds. Where n, = < r(t) = r(t) + ra(t); ri(t) = Imax(A)_ ro(t) = U(n+1)+N7.
N = D1 + DgaNl.

Proof. The solution y(t) of (6.1.1) becomes

Aper—ez A
0
M1/ O

y(t) =y(0) + t5/(0) — | (= oy ()

F(Oél — Oy

1

T /0 (t—p) [Boy(ﬂ) + ; Biy(u = pi)

1) [ HGn 0505 + )| (622)
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The above equation implies

Al (1) JAL [y oo
IO < 6]+ €62l + et ] *W/o (t 1)

x Hy(u)\ldu+ﬁ/o(t_ual 1

Boy(u +Zl’>’yu pi)

0. [ s 0(5)9) +Cuto)an (6.2
Now
[Bue) + 30 Bt = )+ 10,400, | Ht5,9(6)109) + Cu(t] < 186l 1)
# 3B lote = p0ll + 15000, [ w6005 + el o
- (6.2.4)
From (H4),

~—

f(t,y(t),/o H{(t,s,y(s))ds 'SDl ||’y(?f)||+Dz/O I1H(, s,y(s))]|ds. (6.2.5)

Now using the condition for H(u, s, y(s)), from the hypothesis (H4) for t < a,

f(t,y(t),/o H{(t, s,y(s))ds) ' < Dy |yl + aD2Ny [ly(8)[| < N [ly(8)]] , (6.2.6)

where N = Dy + aDyN;.

Also let, 01 = ax Omax(B;) and 0 = max {omax(By), 01} . From this assumption
i<n

IBi|| <o Vi=0,1,2,... n. (6.2.7)

Applying (6.2.7) and (6.2.6) in (6.2.4),

<ally@l

Boy(t) + Z Biy(t — pi) + [ (£, y(t), /0 H{(t,s,y(s))ds) + Cu(t)

+3 o lly(t = po)ll + Nyl + ¢ Ju(o)]],

=1

(6.2.8)

where ||C|| < ¢. Substitute (6.2.8) in (6.2.3),
O'max<./4>ta1 a2 Umax(A)
[(ar —az+1) [(ar — )

J = iyl i+ s [ e= 0 ol

ly@I < Nl + ¢l g2l + [ full +



CHAPTER 6 62

+ 3" o llyle = p)ll + Nlly(a)ll + e el fap (6.2.9)

i=1
Now let

Z(t) = S[upt] ||y(77)|| Vi€ L, ”y(M)H < Z(M)? Hy(ﬂ - pZ)” < Z(:u)v\V/i =12,...,n,
ne(—p,

w € [0,t].

From (6.2.9), it follows that

O (A) 102 Fmax(A)
IO < llonll+tloal + £y ol + e

P e |

I(en)
+(305$ a1
F(O&l -+ 1)
Omax (A2 Omax(A)
- t _max\Y
H¢1H + H¢2H + F(Odl oyt 1) H¢1” + F(Oél — CKQ)
! )+ N\ [
/ () =27 e (t — p)dp + (M) / ()~ 2(t = p)dpe
0 () 0
Chy,
N e 6.2.10
F(Oél -+ 1) ( )
Here ||u(p)|| < ai,. Now for all n € [0, ],
Omax (A) 2 Omax(A)
< t —
ol < onl+ ool + FEt B o+ 7t
T ocn+1)+N L
/ ()™= 2(n — p)dp + (—( ) )/ ()™~ 2(n — p)dp
0 ['(aq) 0
CQl1q
— 6.2.11
F(al + 1) ( )
t t
The functions / (p)* =2~ 12(t — p)dp and / (1) 'z(t — p)dp are increasing for
0 0

t >0, since z(t) is an increasing function. So

L= i< [ et — wan
/On(u)‘”‘IZ(n — ) < /0 ()~ 2 (t — p)dp.

Therefore

Omax (A) 4172

Omax(A)
vl < llénll +tlléall + 5= T(ar — as)

H¢1H + F(Oél _ 062)
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X /Ot(u)ma“Z(t — p)dp + (W) /Ot(u)“”z(t — p)du

COl1q,

—t*, Ve [0,t].
Tt T [0,1]
Hence
) = suwp |y)| <max§ sup Jy(m)[, sup [ly(n)]]
ne=p:t] nel=p,0] n€0,¢]
Omax (A2 Omax(A)
< " _Tmax(AH)
< max { ol (loall+2lloall + G2 s lonll + e
b on+1)+N b
/(u) et — p)dp o+ (¥)/(u) et — p)dp
0 () 0
4 CX1yq, tal)}
F(Oél + 1)
O-max(-/ét)tal70‘(2 UmaX(A)
= Tt || + 4 ma?
||¢1|| ||¢2|| F(Oél g+ 1) ||¢1|| F(Oél _ (12)
! oo on+1)+N\ [* o
J R e e I A
0 () 0
COly,
L M 6.2.12
Let v(t) = ||o1|| + t||p2] + ‘W—Z:;?Q |p1|| is a nondecreasing function and let
Omax (A a(n
ri(t) = fi () = “Hah

From the above notation,

) < ot) +r(t) / (= )™ 2 () dp + rat) / (t — )™ (e)dp

Cl1q,

L e 6.2.13
(o +1) ( )
Hence, applying the Lemma 1.6.4 to (6.2.13),
_ CQyy
< < E T — iz 4 T ™ et (T3t
Iy < 2(t) < v(t)E, {r(t) (D(en — az) +D(en)t™) } + Mo+

here r(t) = ri(t) + r2(t). Now from the conditions of FTS, the above inequality
becomes

Omax (A) 12
F(lag —ag+1)

a1

Wl < s (1+t+

Cl1y
F(Ofl + ]_)
Hence from (6.2.1),

) E, {r(t) (T(en — az)t™ ™ + T(an)t™) }

Iyl <€V teL.



CHAPTER 6 64

This completes the required proof. O]

Theorem 6.2.2. The multi-term nonlinear fractional-order integrodifferential system

without time-delay is given by

§ D y(t)—=A § Dy (t)=Boy(t)+ f(t,y(t), [5 H(t, s,y(s))ds)+Cu(t),
y()=o1(t), y'(t)=o2(1), —p<t§0 € :ma] }@21®

where the parameters are defined as same in (6.1.1). The system (6.2.14) is said to

be finite-time stable for {L,0,€, a1} if

Umax<"4>ta1_a2 ap—o2 a1
{LH+FWV%M+Q}Ede@®r%mt +Don)t*))
T e o € _
+F(a1 + 1)t = 5’ viel [07 a]v (6215)

holds. Here 1, = <= r(t) = ri(t) + r2(t); r(t) = Omax(A) ro(t) = [Boll+N o
N = D1 + DgaNl.

Proof. The solution y(t) for (6.2.14)

) =0(0) +/0) = e (0 + ﬁ [ e
1 ¢ a1
b 6= B+ v, [ G 0(60)d5) + Cati
(6.2.16)
Then
A (e ML ' e
IO < 6]+ ol + et s ol + o [ (t= )
XHMquu+fﬁzyA(#—uW“ﬂBwﬂw
s, | HGus,(9)s) + ) (6.2.17)
Now
[Bunte) + (t.u(e), | H(t.5,0(5))ds) + Cu(o)] < [1Bol (0]
#rteuo). [ A so)as) |+ ) futo)] (6.2.18)
From (H4),

Hf(t,y@), [ ttspenas)| < i) + 0 [ syl as 6219
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Also utilizing the condition for H(¢,s,y(s)) in (H4) for t < a,

vt [ tsaenas

< Dy |ly(t)]| + aDoNy ly(t)]| < N [ly()]l,
(6.2.20)

where N = D; + aDyN;.
From the above inequality, (6.2.18) becomes

i

&Mﬂ+f@y@%A1ﬂt&%$ﬂ$+CMﬂHSW%MW@H+NNM®W+MW®H

(6.2.21)
where ||C|| < ¢. Substitute (6.2.21) in (6.2.17),
G (A) 1702 T (A)
< _max\r
HMW\_\WM+M@W+Nm_aﬁ4ﬂ%ﬂ+mm_aﬂ
t 1 t
t— a1—as—1 d + / t — ar1—1 B
[ =yl du+ e [ 6= {180 o)
N ()| + e )] b (6.2.22)
Now let
z(t) = ?PNMWWWGLJWWWSZW%MW—MWSZW%W:LZ~wm
ne(—p,t
p e [0,1].
From (6.2.22), it follows that
Omax (A2 Omax(A)
< _max\v v
HMW\_\WM+W@M+N%_&ﬂJH%M+N%_&ﬂ
t B || + N t
t— alfagflz d 4 (” 0 )/ t— 041*12 d
A( 1) (1)dp T O( )™ 2 (p)dp
i COl1q, tal
F(O[l —|— 1)
- G (A) 1702 e (A)
= |loull +t @2l + Moy — oy £ 1) ] + Tlon — )
t B H + N t
ar—az=l, 4 Ny + (—H 0 ) / a—l(t —u)d
[ oot — s (R [t
CQy,
e gea 6.2.23
T+ 1) (6.2.23)

Here ||u(p)]| < aq,. Note for all n € [0, ],
Omax (A)t*1 72
P(Oél — Qg + ].)

Omax (A)

lymll < ol + 2l + loall +

(o1 — )
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/On(u)‘”a“z(n — p)dp + <H819yTT)N) /U(M)allz(n — w)du

0
e, (6.2.24)

COl1q,

F(O[l + 1)

t t
Here / ()2~ 2(t — p)dp and / ()~ 'z(t — p)dp are increasing for ¢ > 0, since
0 0

z(t) is an increasing function. So

[ s = wan < [ o st - wan
/On(u)a”z(n — p)du < /0 ()~ 2(t — p)dp.

Therefore
Uma,><(-/4)ta1 “2 Jmax(A)
< +t o] + _Tmax( )
oIl <l + ¢ oall + TSR o+ et
t
ai—az—1 ||BO||+N)/ ar1—1
)T zt—udu—i—(— W)zt — p)dp
L oeetete—man+ (BT ) [0 -n)
CQy, ai
mt y Vn € [O,t]
Hence
2(t) = sup [ly(n)l SmaX{ sup ly(m)|l, sup [ly(y )H}
ne=p:t] nel=p,0] n€[0,¢]
Omax A)tlll a2 Omax A
< max {oull (oul + toal + =20 o 4 o)
! Bo| + N
al—ag—lzt_ d _‘_<H 0 )/ al_lzt— d
Joretete—mane (RS ) [
CQly,
e
amax(A)tal*O‘2 Omax(A)
- Tt || o - o
||¢1H ||¢2H (a 5+ 1) ||¢1H F(Ozl _ 042)
! e Bol| + N\ [* B
/(t—u)‘” T a(p)dp+ <—H ol >/(t—u)a1 Y2(p)dp
0 I'(ay) 0
CQly,
I VR 6.2.25
F(Ozl + 1) ( )
Let v(t) = |[¢1]| + t||p2| + % ll¢1]| is a nondecreasing function and let
ri() = i () = IFe

From the above, the inequality (6.2.25) becomes

2(t) < o(t)+ () / (t— )™ 2 () g+ o)
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t COq
x [ (t— ) e (p)dy + ————t. 6.2.26
[ =+ (6.226)
Hence, applying the Lemma 1.6.4, then
al—o a Cy, a
Jo6)] < =) < o, {r(e) (Dan = @a)t™ 4 Dlan)e™)} + s
(6.2.27)

where r(t) = r1(t) + r2(t). Now from FTS condition, the above inequality becomes

ool < 6 (1404 2B B o) (£ - g+ Tae))

F(O[l + 1)
Hence from (6.2.15),

(03]

ly(t)|| <€V te L.

This is our required result. O

Corollary 6.2.1. Consider ay =2, as = 1 and the absence of delay, then the system
(6.2.14) becomes

{ e AZZ;_BO?J(L‘ )+f(t,y(0), fy HE,s,y(s))ds)+Cu(t), ¢ € L=0,a], (6.2.28)

y(O)=d1(0), /() =a(t), —pétg()
is said to be FTS with respect to {0,¢, L, a1}, § <e, if

(1414 O (A)1} () 4 ”2%2 <%, VteL=[0a) (6.2.2)

holds, where 1, = 4=, r(t) = ri(t) +r2(t); ri(t) = ga“l’féi, ro(t) = —NJ“?‘(“;;‘)(BO);
N = D1 + DzaNl.

Proof. The solution y(t) of (6.2.28) becomes
o) = y(0)+ /)~ Aty + A [+ [ 6= B

+f(u,y(u),/0 H(p,s,y(s))ds) +Cu(u)}du.

Applying the norm on each sides for (6.2.30),

(6] = llonl + el + 140 ¢l 1AL ol e+ =) [Buyte

+f (s y (), /Ot H(p,s,y(s))ds) +C’u(u)”du.
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Now follow the steps carried over in Theorem 6.2.2, then

ly@I < llgall + ¢ [l dal| + Al (2) ||y<b1||+||«4||/0 Iy ()l dpe

+/0 (t—u)[Hb’oH ly ()l + N lly ()] + (€]l |IU(u)||]du,

(6.2.30)
where N = D; + DyalNy.
Now proceeding the steps as in the Theorem 6.2.2,
(] < {1414 s (A)2} ) 4 g2, (6.2.31)
Hence
ly(t)|| < eV te L.
Hence proved. O

6.3 NUMERICAL EXAMPLE

Example 6.3.1. Consider the multi-term fractional-order integrodifferential system

(6.1.1) with a; = 1.25, ap = 0.75,
1 2 ~1 0 0 4 1 0 —1
A=yl w3 s )m =V s )0 B[]

and also take f(t,y(t fo (t,s,y(s))ds) = y(t) + fg siny(s)ds. Then

max(A) = 3.6503, O (Bo) = 2.2883, max(B1) = 4.4954 and omax(Bs) = 1. Hence
= 44954, Ny = 1, Dy = 1 and Dy, = 1. Now N = 3. Let 6 = 0.1, ¢ =

100, aq,, = 1. The aim is to validate the FTS condition (6.2.1) with respect to

{6 =0.1,¢e =100, 1, = 1,p1 = 0.1, po = 0.01}. Then by the FTS condition of Theo-

rem 6.2.1, the estimated time becomes T, ~ 0.35.



