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FINITE-TIME STABILITY OF MULTI-TERM IMPULSIVE
NONLINEAR FRACTIONAL-ORDER SYSTEMS WITH
MULTIPLE TIME-VARYING DELAYS

7.1 INTRODUCTION

This chapter deals with the problem of nonlinear multi-term fractional-order systems
defined over the finite interval of time. Also, this problem having the existence of mul-
tiple time varying delays in the state variable and having the external disturbances.
The results related to F'T'S of fractional-order impulsive systems have been reported in
the literature [4, 55, 62, 66]. The FT'S concept have been discussed for fractional-order
system with the existence of time-varying delay with the help of Bellman-Gronwall in-
equality [43]. The generalized Gronwall inequality is one of the very successful method
to discuss the FTS analysis. F'TS results of some fractional-order systems has been
analyzed by utilizing the generalized Gronwall inequality [33, 29, 30, 66, 75, 78, 89].
Motivated from the above literatures, our main aim is to study the F'T'S problem for
the multi-term impulsive fractional systems with multiple time-varying delay by using
the generalized Gronwall’s inequality. The multi-term nonlinear impulsive fractional-

order system with multiple time varying delay described by

6 D;"y(t) — A GDy(t) = Boy(t) + iBiy(t —pi(t)) + f(&y(t), y(t — (1)),

Yt = pa(®)), - y(t — pu(®)), () + Dult), te I, (7.1.1)
Ay(te) = Mi(y(ty)), Ay (tr) = N(y(t,)), k=1,2,3,...,m,
y(t) = ¢1(t), y'(t) = ¢a(t), —p <t <0,
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where a; € (1,2], as € (0,1]. y(t) is in R™ which indicates the state vector. The
disturbance term w(t) € R™ satisfies that there exists A > 0 such that Hw(t)” <A\
§Df and §DP? are the fractional derivatives with Caputo fractional-order a; and
ap respectively. The constant matrices A, B;,7 = 0,1, ..., n are the elements of R™*"
and matrix D is the element of R™™. p;(t),i = 1,2,...,n are time varying delays
with 0 < pi(t) < p,Vi=1,2,...,n.

Here, L’ is defined by L = [0,7], L' = L — {tl, o ,tm} and

O=th<ti<ta<---<t, =T < o0.
Also, f(-): L xR" x R™--- x R" x R™ — R" is a nonlinear function which satisfies

£y, zw)|| < d@O([f]) + [yl + -+ =[] + f[w]])
V(t,z,y, - ,z,w) € LXR"xR" - x R" x R™.

Ay(ty) = y(t) —y(t;,), where y(t) = lim_,o+ y(tx +€) and y(t; ) = lim - y(tx +€)
and Ay/'(tg) is similarly defined.

Definition 7.1.1. [50, 60] The system described by (7.1.1) is finite-time stable with
respect to {to, L,d, €, p}, iff K < & implies ||y(t)|| <e, Yt €& L. Here
k =max {|p1(t)],||p2(t)||} and 0,€ are positive constants.

7.2 MAIN RESULTS

This section provides the condition for FTS of a solution of the system (7.1.1). For
this, the following notations are introduced.

k(t) = sup (n+ 1)(0 + d(ﬁ)) and ¢ = sup (||| + d(¥)).

9€[0,1] J€[0,t]

Theorem 7.2.1. The system (7.1.1) is said to be finite-time stable, if
Al
Moy —ag+1)"  T(ag+1
)+ S (] + I el <o v e

0<ty <t

{6(1+t+

)to‘1 PEr(t)(T(cr — ag)t™ 2

(7.2.1)

holds, where v = mm{al, o) — 042}.
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Proof. The solution y(t) of (7.1.1) becomes

Ay(0)ter—oz A
F(Oél — Q9 + ].) F(al — Q9

y(t) = y(0) +ty/(0) | / (t — 0)™ Ly (0)d

I B n
+F(Ozl) /0 (t =)™ [BOy(ﬁ) + ; Biy(¥ — pi(9)) + f(9, y(9),
y( — p1(9)),y(9 — pa(9)), ..., y(¥ — pu(9)), w(¥)) + Dw(9)]dv

+> Myy(te) + > Ney(te). (7.2.2)

Applying || . H on each side of the equation (7.2.2),

N
ol < ol +tlenll+ o ey + Frarma [ =

I . -
Jy@)ljd0 + s / (¢ = 0y |[Boy(®) + > By — ()

+f(0,y(9),y(0 = pr(9)), y(¥ = p2(V)), .. -, yl(j;— pn(V)), w(v))
Du)an-+ 3 sl o] + S INlllwell. (723
NOW k=1 k=1
| Boy(t +Zl5’y ) + f(ty@), y(t — pr(t), y(t — pa(t)), ... y(t — pal(t)),

w(t) + Dw(®)]| < [|Bofl[ly(t H+ZHBIIHyt—m I+ (@) yE = (),

y(t — pa(t),- . y(t — pa(®),w(t)|| + | Dw(t)-

Consider
01 = g?g}; Umax(Bi)a 0 = max {Umax(BO)a 01}-

From this assumption,
|Bi]| < o5 Vi=0,1,2,...,n. (7.2.5)
Also from Lipschitz nonlinearity

£t y(),y(t = pr(E), y(t — pa(t)), ... y(t — pu(t)), w(®)|| < dt)([Ju®)]

+2_ llyt = pie)] + Hw 1)-

(7.2.6)
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Substitute (7.2.5) and (7.2.6) in (7.2.4),

|| Boy(t +ZB@/ )+ f(Ey(@), y(t — pi(), y(t — p2(t)), ..., y(t — pa(t)),

w(t)) + Dw(t)|| < olly@®)|| + D ollut — pi(t)|| + d(t) (|Ju(t)]]

i=1
+Z ly(t = piD[[ + [[w®I) + [Pl [w(®)]]
From inequality (7.2.3),

1 th a2 A t I
ol < fol o+ (NS s o
1 t 1
Ibl89+ gy [ €= 0 el + Yol =t
A@) (Jy@|| + 3 w0 = o) + Juw@)]) + ||DH||w<z9>H}dz9

) (1Ml |+ D ([ Vel () - (7.2.7)

Now let

2(t) = sup |y, vt € L, [yl < 2(0), [ly(0 = p:(@)]| < 2(9),

TIG[*Pvt]
Vi=1,2,...,n, 9 €0,4].
Using the above condition, (7.2.7) becomes

\A||H¢1||t1 = Al
—as+1) (g —ay

ool < ol + o] + 12

) /0 (t — )™= () dv

+F(;)/O(t—ﬁ)al—l{a(nﬂ)z(ﬁ)+d(0)((n+1 )+ [lw@)])
ol as + S sl ] + S INllvell - (728
k=1 k=1

From (7.2.8),

HA||H¢1||t1 = Al
—ae+1) (g —ay

) /0 (t — )= () dv

ly®I < [loall +tlloafl +

+F(;) / - ﬁ)‘“—l{zw)m D)o +dw)) + (D] + d))

< w)] pdo + Z 1My (e [ + Z 1Nk [l )l
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Al ez, (Al
_l’_

ool < ol + o] + e AL

) /0 (t — )= ()dv

1 t a1
b [ =09 600 + (1] + ) i)

+ 2 Il + 3 [Nt (7.2.9)
k=1 k=1
where (n + 1) (a + d(29)> < K(t).
A [ A A
ol < foul + o + AU, O, WAL
X /0 (t—ﬁ)al—az—lzw)dmr“(gf) /0 (t — )22 (9)dY
2 1Ml ll + 2 11Nl o)l
_ [ N © S ||
= ettt + e, = * e o e
x /0 (ﬁ)mazlz(t—ﬁ>dq9+r“<g3) /0 (0)1 L 2(t — 9)dY
£ Ml e |+ S lINellls ol
where (|| D] + d(¥)) < ¢. Note that ¥ 5 € [0, ],
Al|[| @ ||t A A
ol < ol + o] + Bl A AL

X /On(q?)al—az—lz(n —9)dd + Fli(gf) /n(ﬁ)al—lz(n —9)dv

0

2 Il |+ 3 1Nl ]

t t

Here / (9)* =27 2(t — 9)d¥) and / (9)* 1 2(t — 9¥)dV are increasing for ¢ > 0, due
0 0

to the increasing of the non-negative function z(¢). So,

/0 (9)meeL(y — 9)dw < /0 t(ﬁ)al—arlz(t — 9)dd,
/On(ﬁ)o‘l_lz(n —9)dY < /Ot(ﬁ)"‘l_lz(t — 9)dv.

Hence

L P | %
Mlar—as+1) T+ T Tar—a)

lyll < o]l +tllafl +
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x /0 (ﬁ)alaﬂz(t—ﬁ)dqur*zgf) /0 ()™t — 9)dv

+Z [[ M| [|y () || + Z [ Ne[[|lv@o)]], ¥ n € [0,1].

k=1 k=1

2(t) = sup fly()l SmaX{ sup |ly(n)ll, sup [y(n )H}

n€[—pyt] n€[—p,0] n€l0,t]
HAHH%HW S . NP e
= maX{||¢lH 1]l + 2l o]} + Mo —et 1) oD T Ty = ay)
t t
a1—ag—1 o li(t) / a1—1 o
« /0 ) ot = 0)av + 0 [ @) (e - )
+Z||MkH||y t) +Z||NkH||y ol
_ H HH¢1H S . WP
=l +dlell+ r — st Fm s 0 Tl — )
« / t(t—ﬁ)ar@rlzw)dm A1) / (= 9y ()
0 I'(ea) Jo
£ [fllye |+ S 11Nl ol (72:10)
k=1 k=1
Introducing the nondecreasing function v(t) such that
Alll] g1 ||ter—e2 o
ot = ool + eou) + Tl o e
Also let ri(t) = F(C‘Jl ‘L and ro(t) = %

Now (7.2.10) implies that

() < o)+ () /0 (t — )22~ (9)dd) + ro(t) /0 (t — )1 2(9)dd

D (]| + [Nl ) - (7.2.11)

0<tp<t

Hence applying the Lemma 1.6.4 to (7.2.11)
ly@)]] < 2(t) <o®)E{r@)(T(oq — az)t™ 2 4+ D(ag)t™) }
+ 3 (1] + Vel ([t
O<tp<t
where 7(t) = r1(t) + ro(t) and 7 = min{al,al — 042}. Now from the condition of
FTS, the above inequality becomes,

Ao o

Ol < {50 +1+ e+ )
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X By {r(t) (Dlon = az)t™ = + T(a)t™ )} + 3 ([[Ml] + (| Nel) el

O<tp<t

Hence by (7.2.1),
ly@| <evteL
This completes the proof. O

Theorem 7.2.2. Suppose D o, (”M’fH + ||Nk||) < 1 holds. If

A a1 —
(o RS 1 agmy
7{7‘

(1= Zocuce (Ml + [1N:][))

( a1 — Oég)tal_aQ + F(al)to“)} <€,
(7.2.12)
then (7.1.1) is said to be finite-time stable. Here r(t) is the sum of ri(t) and ro(t).

Proof. Follow the same procedure as in Theorem 7.2.1,

All || ||t 72 A A
ol < ol + ol + LA O A
/ (t — P)m—o2= 1z(19)d19+;(g3) /0 (t — )22 (9)dY
+ 3 (1Ml + 1N ) [l o) |- (7.2.13)
From 7, _, (|| M| + || Ne||) < 1, (7.2.13) becomes
A 1 ter—a2 A
(1_o;k<t(HMkH N y@I < [leal] + 2]l g2]] + ” HW! Vi F(a§+1)
a1 H H ! _ a1—ag—1
xt +—F(a1_a2>/0(t 9) 2(9)d0
+F’ES3) / (t — )12 (9)dv. (7.2.14)

Then (7.2.14) implies that

All|[ o1 [|tor—o2 o
lonll + tlga]) + Lllenllm e

ly@®)] < (1_20<tk<t(HMk||+HNkH))
4 S
L(ar — o) (1= P, <o ([[Mi]] + [[Ve[[)) /0 (t=9) (9)dv

K(t) t et
T ATy, ¢ 00, 2as)

+

+
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Now follow the steps as in Theorem 7.2.1 and introducing the nondecreasing function
v(t) as

Al 1 ||ter—o2 o
ol + tllaf + Bl o e

(1= Zocrwe (1Me] + [|Ni][))

ot r _ HAH and r = e
SR TR C S ) o o 7 s ) )

v(t)

Then (7.2.15) implies

ly(@®)]] < =(t) <wo(t) +r1(t)/0 (t— ﬁ)“la?lz(ﬂ)dﬁ—l—rg(t)/o (t —0)* 1 2(9)d.
Hence now applying the Lemma 1.6.4,
ly@)]] < 2(t) <ot)E{r{t)(T g — a)t™ 2 + T(ag)t™) },

here r(t) = ri(t) + r2(t) and v = min{ai,a; — as }. Now applying the condition for
the FTS, the above inequality becomes

A a1 —«
(5(1 +1+ IH(aJ‘—to;-i-f)) F(O?H)tal

(1= Xocs<e (1Mel} + Vi)
x By {r(t) (Do — aa)t® =2 + T'(a)t™) }.

ly®)] <

Then, from (7.2.12)
|y(t)|| <€V teL.

Hence the proof. |
Corollary 7.2.1. The linear fractional system described by

6 D;"y(t) — AFDi?y(t) = Boy(t) + 2. Biy(t = pilt)) + Dw(t), tel,

Ay(ty) = Mi(y(t;)), Ay'(tr) = Nk(;:(t,;)), k=1,2,....m, (7.2.16)

y(t) = Cbl(t)? y/(t) = ¢2(t)’ —p<t<0,

is finite-time stable for {L,(S,e,p} if

ller—a
{6(1+t+ IUJEHZ)) + oot )

= S e (M [Ny U len mea)i 7 Rt} <

(7.2.17)
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4]

T(a1—ag) (1_20<tk<t (HM’“ H+HN’“ ||

holds, where ||D|| < d, ri(t) = ) and

£ — o(n+1)
T CR Y | S Y )

Proof. The solution y(t) of (7.2.16) becomes

Ay(0)tor—oz A
F(Oél — Q9 + ].) F(Ozl — Q9

y(t) = y(0) +ty/(0) | / (t — 0)™ Ly (0)do

+ﬁ /Ot(t — 9) 7 [ Boy(0) + 2:: Biy(9 — pi(¥)) + Dw(9)]dv
+zm:Mk@/(fk) +iNky(tk)- (7.2.18)
Applying || - || on e_ach side of the_ equation (7.2.18),
L I
+r(;) /Ot(t — )| Boy () + g&yw — pi(9)) + Dw(¥)||dd
1 ) IYA TRV AT ORI 7219
Now - -
1Boy(t +Zb’y )+ Dw(@)]| < [|Bo|[|y()]]
ES B — ]|+ [Dul)] (7.2.20)
Consider i

01 = max Omaz(Bi), 0 =max {0,m4:(Bo), 01}

From the above assumption,
|Bi|| < o3 Vi=0,1,2,...,n. (7.2.21)

Substitute (7.2.21) in (7.2.20),
1Boy(t +ZBW—P1 )+ Du(®)]| < o|y(®) HZ ly(@ = @) + [Pl (@]

From inequality (7.2.19),

HAHH@H#’” = Al
—as+1)  TD(ag —a

ool < o]+ loa] + o y@)as
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ey [ o (ool + el - o] + el oo
3 [yt + 3 el e 722)
Now let - .
2(t) = s ly(m)l .Vt € L, [y < 2(9), ly(¥ — pi(I)|| < 2(9),

Vi=1,2,...,n, €0t

Then (7.2.22) becomes

HAHH%HW = Al
—as+1) Do —a

—i—ﬁ/ﬂ (t — ﬂ)al—l{a(n + 1)z(v) + HDH Hw(ﬁ)H}dﬁ

ly®If < [léall +tllafl +

) /0 (t —9)™1 212 (9)dY

2 1|l | + E :HNkHHy(tk)H- (7.2.23)
=1 Pt
Al ax A
ool =l + el + LU e s A

on+1)
(o)

+Z 1 [fy ] + Z Al

H HH@HHW SR
—as+1)  TD(ag+1) [ — an)

o(n+1)

X/O(ﬁ)”a“z( —9)dd + T(a) /O(ﬂ)allz(t—ﬁ)dﬂ
+Z [ M|l (t)] + Z [[ Ve[|t

where || D|| < d. Note that ¥ 5 € [0,],
H ||H¢1||t e a A
"t D) Tt D) Tl —a)

y / " (e 12(77—19)d19+0¥2;r1)1> / "9y 20— 0)do

+ > M|yt ||+ [Vl )

« [~ ﬁ)al—”—lz(mdﬁ n [0tz

= [loall + ¢l ¢2 +

ly@ll < lloall +tlloafl +
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t
The integral terms in the above equation / (9)* =21 2(t — 9)d¥ and
0

t

/ (9)**~12(t — 9)dV are increasing for t > 0, due to the increasing of the function
0

z(t). So,

/Onw)al—w—lz(n —9)do < /Ot(ﬂ)o‘l_o‘?_lz(t — 9)dv,
/On(ﬂ)"‘l_lz(n —9)dv < /Ot(ﬁ)‘“_lz(t — ¥)dv.

Hence
L L
< /0 t(ﬂ)““a?*lz(t —9)dv + “(F"(;)l) /0 ()Lt — 9)do
+§: 12| < [Jot) | +§: N[yt v € [0,1).
Now - -
2(t) = s ly(m)|| < maz {nes[ugo]\!y(nﬂhnsel[lopt ly(n )H}
< max{jlu] ol + gl + AR oD AL

(n+1)

X /0 ()02t — 9)dd + (o /0 ()12 (t — 9)d
+Z [ M|y (8] + Z HNkHlly(tk)ll}

HAHH%H” - O
—as+1)  D(a;+1) [ — an)

= [oal] + ¢l ¢2 +

« /0 (t—ﬁ)al’”’lz(ﬁ)dﬁqt <F( >) /0 (t— 9) 1 2(9)dd

+ 3 M|l + D || Vel [y ) |- (7.2.24)

Now introducing the nondecreasing function v(¢) such that
All||p1||t¥1—2 o
o+ e + Bl o e

Also let 7(t) = and ro(t) = %

F(Oq —042)



CHAPTER 7 80

Now (7.2.24) implies that

A < olt)+ () /0 (t— D)=L 5()d0 + 7o (1) /0 (t — 9)™ =12 (9)dY

+ 2 (Il + Vel el (7.2.25)

O<tr<t

Now from Lemma 1.6.4,
ly@)] < 2(t) <o) B, {r(t)(Plan — an)t™ ™ + T(an)t™) }
Z (2] =+ [Nl )

<t <
where 7(t) = ri(t) + ra(t ) and v = min{ai,a; — as}. Hence from the conditions of
FTS,
A L
F(Oél — Qg + ].)) + F(al + 1)t }
B () (s — a2+ Do)+ 3 (3] + 36l o)

0<trp<t

lyol < {s(t+i+

Hence by (7.2.17),
Hy(t)” <eVtel.

This completes the proof. n

Corollary 7.2.2. The system (7.1.1) with the absence of impulsive behavior described
by

6 D y(t) — A §Dy(t) = Boy(t) + Z Biy(t — pi(t)) + (£, y(8), y(t — pa(t)),

Wt = pal)).....ylt — pu(0) w(t)) + Duw(t), €L (7:2.26)
y(t) = u(1), y() cbz( ), —p <t <0,
s said to be finite-time stable for {L, 0, e,p}, if
[ Affee e A
{5(1 i F(Oél — Qo + 1)) + F(Ozl + 1)t }
E{rt)(T(ar — ag)t™ 2 + T(ay)t™) } <€, Vi€ L, (7.2.27)

holds, where HDH <d, ri(t) = and ro(t) = K(t)

I'(a1) "

A
T'(a1—a2)
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Proof. The solution y(t) of (7.2.26) becomes

Ay(0)te1—e2 A
F(Oél — Q9 + ].) F(al — Q9

y(t) = y(0) +ty/(0) )A@—MMﬂrwwMﬁ

+p<;> /Ot(t =) [Boy (V) + ; Biy(d — pi(9)) + £(9, y(V),

y(0 = p1(9)),y(0 — p2(9)), ..., y(V — pu(¥)), w(¥)) + Dw(¥)] dv.

(7.2.28)
Applying || : H on each side of the equation (7.2.28),
¢ tor—a A t g
R e I

1 . n
+m/o (t = 0)™ [ Boy(9) + le Buy(9 — pi(9)) + £(0,y(9),
y(0 = pr(9)),y(0 = p2(9)), -, y(9 = pa(), w (D)) + Duw(®)[dV. (7.2:29)

Now

| Boy (t) + ZBzy ) A f{ty(t), y(t — pr(1), y(t — pa(t), ..., y(t — pa(t)),

=1
y(t = pa(t)), ... y(t — palt) | + [|[Dw(®)|-
(7.2.30)
Consider
o1 = max Omaz(Bi), 0 =max {0ma(Bo), 01}
From this assumption,
|Bi|| < o3 Vi=0,1,2,....n. (7.2.31)
Also from Lipschitz nonlinearity
5, y(t = p1(0) 5t = pa(t)), -yt = pu (D) w(®)]| < dO)([[y )

+2_ [yt = )] + Hw -

(7.2.32)
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Substitute (7.2.31) and (7.2.32) in (7.2.30),

|| Boy(t +Zl5’y )+ f(Ey(@), y(t — pi(), y(t — p2(t)), ..., y(t — pa(t)),

W(t))+Dw(t)HSa}ly(t)\HZoHy(t—pz )| -+ d) (|ly@)|

+ZHyt—pz I+ lle®I) + 1Pl @]

From inequality (7.2.29),

Allllstfe== AL [ g
(g —as+1)  TI'(a; —ag) /0 (t=9) ly(@)|d

ey L = el el = o]+ a0) (o)

+2_ [l = p@)Il + Hw(f/‘)H> +|p|| ||w(19)H}d19. (7.2.33)

ol < ol + o] + 12

+

Now let

2(t) = sup |y, vt e L, [y < 2(0), ly(? — p(@)]| < 2(9),

TIE[*P»t]

Vi=1,2,...,n, ¥ €0,

Then (7.2.33) becomes

e
ol < flol +theall + o s + ey [ €=

1 t ar-1
X))+ /O (t— ) {a(n +1)2(0) + d()
(60 1)20) + @) + [Pl flw)]] pao. (7.2.34)

From (7.2.34),

HA||H¢1||tC" A
—as+1) D(ag—as

+F(;) /0 - ﬁ)al_l{z(ﬁ)(nJr (o +dw) + (D] +d))
<[l (@)]] pao.

ol < ol + oal + [ oz

HA||H¢1||tC" o A
—as+1) Do —ay)
1

x /0 (t— 19)0‘1‘0‘2‘12(19)d19+ e /0 (t — 0)™ 1 (k(t)2(0)

< loafl +tlloafl + T
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+(|| D + d(9)) [Jw(9)|])dv (7.2.35)
where (n + 1) <0 + d(ﬁ)) < k(t). Then

HfiHH¢1H e A e, Al
—ay+1) +F(0z1+1)t +F(0z1—oz2)

ly®Il < lloall + tlla]l +

! o a1—ag—1 K:(t) ! o a;—1
« /0 (t — ) ()0 + o /0 (£ — 9) 1 2(9)dY
_ H W%W”' A o, A
= Nl +dlell+ v — st Fm s 0 T — )

x /O (ﬂ)alazlz(t—mdmr’zgf) /0 (0) L2 (t — 9)do,

where (|| D] + d(9)) < ¢. Note that ¥ 1 € [0, ],

\MW%H“” A, A
et D) Tt D) T Tl — )
X /0 (19)6“1’“2’12(7] —9)dv + FI{((OIZ) / (9)* 1 2(n — 9)dd.

0

lymll < lloull + =] +

t
The integral terms in the above equation / (9)* =212t — 9)d¥ and
0

t
(9)*~'z(t — ¥)dV are increasing with respect to t > 0, due to the increasing

fnction z(t). So,
/O | (@)=l — 9)dw < /0 @) — ),
/0 " (9) 12 — 9)dw < /0 {9t — 9)dp.

Hence,
ol < foul ot + el s O ey A
x /Ot(ﬂ)alaﬂz(t —9)dd + F'(ES?) /Ot(ﬁ)"”lz(t —9)dd, V1 € [0,4).
Now
2(1) Znﬁ%MMWSmM{égJMWWEQM(N}
< max{flor]. HAM?T;§+Fm?HfM+NJ@LQ

k(1) ! ar=l,0p _
F(Oq)/ow) (t —v)dv

t
X / (W) —02= L5 ( — 9)dY +
0
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H HHﬁblHt o A ey M
—ap+1) + I'ay + 1)t * Iy — ag)

X /0 (t—ﬂ)“l‘”‘lz(ﬁ)dﬁjt;zgz) /0 (t — )12 (9)dY

< [lofl +tllafl +

#3340 lee)| 72:36)

Introducing the nondecreasing function v(t) such that

All |1 ||t o
= onll + tfjgn] + el o e,

and r,(t) = =0

Also let ri(t) = Flar—a2) e

Now (7.2.36) implies that

z(t) < w(t)+mr(t) /o (t —9) 271 2(9)dV 4 7o (t) /0 (t — ) 1z(9)dv.
(7.2.37)

Hence from Lemma 1.6.4,
ly@®)]] < 2(t) <ot)E{rt)(T(oq — az)t™ 2 + D(a)t™) },

where r(t) = r1(t) +r2(t) and v = min{al, o) — 042}. Now considering the conditions
of FTS,
Al[tor—az
e o,
F(()él—Oé2+1) F(&1+1)
E«,{T(Tf) (F(Ozl — Oé2>ta17a2 + F(Oél)tal) }

ly@l < {o(t+2+

Hence by (7.2.27),
ly@)|| <eviteL

This completes the proof. O

Corollary 7.2.3. When oy =2 and ag = 1, the system (7.1.1) reduces to the second

order integer system

CH — AN = Buy(t) + 3 Byt = pilt)) + F(t.9(0).y(t — pr (1),
y(t = pa(0). - y(t = pulD), w(t) + Dult), te L, (7239
Ay(t) = Ml ) 89/ ) = Nulg(i)), k=123, m.

u(t) = 61(0) y'(t) = dalt), —p < £ <0,
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s said to be ﬁnite—tz'me stable, if

e ) + L3 ®e) o ST (]| + N ue) ]| < e Ve L

O<tp<t

holds, where r(t) = HA” and r5(t) = k().
7.3 NUMERICAL EXAMPLES

Example 7.3.1. Consider the system

FDIy(0) — A §DITy(t) = Buy(t) + 3. Bault ~ pilt)
t—

+f(t,y(t), y(t = p1(t)), y( pz(t));w(;f))l +Duw(t), tel (7.3.1)
Ay(te) = 1(y(ty)), Ay (k) = 1(y(t)), k=1.2,....m,
y(t) =0, y()_07 -01<t<0,

where

() | 0 01 10 0 101
y(t>_|:y2(t):|?"4_|:02 0 ;BO_ 1 —1 781_ 0 2 )
{0 0 B | cos(t)

Bg_{o_g 0.4},2)_[0.2 o},w(t)_[ }(md
Fty(@),y(t—pi(0), y(t = pa(t), w(t)) = {0.1ya(t — pa(t)) cos(ya(t — pa(t))) +0.1ya(t)
cos(yi(t — pr(t)ya(t — pa(1)))) + 0.1y1(t — pa(t)) sin(yi (t — p2(t))ya(t — pr(t)))}. Let
p1(t) = 0.1sint, po(t) = 0.1cost. From this, d(t) = 0.1, p=0.1, A =1, 0 = 2.2361,
Al = | = 0.5, k(t) = 6.9083 and ¢ = 0.3.
This implies that for chosen {5 = 0.1,e = 100,p = 0.1} and from the the FTS
condition of Theorem 7.2.2,

0.5
{0101+t + %05) + moomt ™)
(1-0.5)

Hence, the estimated time of F'T'S is T ~ 0.2003.

Ey5{15.68697(I'(0.5)t"* + I'(1.25)t"*°) } < 100.

Example 7.3.2. Consider the system

<@w5@—Agm%mw:&m>+26mrwxw+ﬂwmteﬂa

Ay(te) = 3(u(tp), Ay (te) = 3(y(t), k=1,2,...,m,
y(t) =0, y'(t) =0, -1 <

y(t):w;g”,ft:[_oz H,Boz{g H,Blz{g _11};&:{_11 _01]

SO
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D=[1 0], wt)= :g;i

From this, || Al| = 2, ||Bo|| = 5, ||B1|| = 2.2883, ||Bs|| = 1.6180, ¢ =5, A =1 and
d = 1. Hence for chosen {5 = 0.1,e = 100, p = 1} and from the FTS condition of
Corollary 7.2.1,

, p1(t) =sint and py(t) = cost.

0.5
{5(1 +t+ 1“251.5)) + F(21.25)t1.25}
0.5
Hence, the estimated time of FT'S is T =~ 0.0475.

Eo.5{35.3547(1(0.5)t"° + I'(1.25)t"*°) } < 100.

Example 7.3.3. Consider the system

{ 6 Dy Py (t)=A § DY Py(t)=Boy ()81 (t—p1 () +f (t, y(1), y(t=pr (1)), w(t)) + Duw(t),
y(t) = 0.01, /(t) = 0.02,—0.2 < ¢ <0,

where

y1(t) 210 1 00 0 2 1
y(t): yg(t) ,.A: 01 3 ,BOZ 010 ,Bl— 01 3 ,

ys3(t) 001 00 1 0 0 05
D=[01 02 0] andw(t) =1, f(t,y(t),y(t — p1(t)), w(t)) = siny(t) + cosy(t —
p1(t).

Let pi(t) = 0.1cost. From this, d(t) =1, p = 0.1, A = 1, 0 = 3.6431, .AH =

3.3256, ||Bo|| = 1, ||B1|| = 3.6431, k(t) = 9.2862 and ¢ = 1.2. This implies that for

chosen {(5 =0.1,e =100,p = 0.1} and from the FTS condition of Corollary 7.2.2,

3.3256750'5) L 12
I'(1.5) I'(2.25)

Hence, the estimated time is T =~ 0.0121.

{0.1(1+t+ 1%} Fy.5{12.1213(T(0.5)t™° + I'(1.25)¢t"*°) } < 100.



