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CHAPTER - 3

FINITE-TIME STABILITY OF MULTI-TERM
FRACTIONAL-ORDER SYSTEMS WITH TIME DELAYS

3.1 INTRODUCTION

In this chapter, the problem of multi-term fractional system with constant time delay
is defined over the finite interval of time. This work mainly concentrated on both
autonomous and nonautonomous cases which involving the Caputo fractional deriva-
tives and constant delays exist in state variable. Here the time-delay arises in the
state variable which causes the problem of some disturbance in the system. The an-
alyzation and applications of time delay systems have been addressed in [102]. The
stability behavior of the time delay systems briefly explained in [37]. The FTS of
the fractional-order system with time delay has been analyzed in [28, 29, 30, 45, 49].
Many of the research work carried over the F'T'S of different types of fractional-order
systems. Moreover, this work carried over the fractional system having more than
one Caputo fractional derivative. The multi-term non-autonomous fractional system
with time delay described by

6 Dity(t) — A §D?y(t) = By(t) + Cy(t — p) + Du(t), t € L=10,T], }

y(t) = ¢1(t), ¥'(t) = ¢a(t), —p <t <0,

(3.1.1)

where 0 < as <1 < a; < 2. A, B, C are the elements of R and matrix D are in
R™™ u(t) € R™ is a control vector, p denotes the time-delay, 7" is either positive or

—+00.
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Definition 3.1.1. /50, 60] The system described by (3.1.1) is finite-time stable with
respect to {ty, L,0,¢€,p}, iff « <6 and¥ t € L, |u(t)| < ary implies ||y(t)|| <€, Vit €
L. Here k = max {||¢1(t)|], [|¢=(t)]|} and d, €, aq, are positive constants.

Definition 3.1.2. /50, 60] The system described by (3.1.1) with (u(t) = 0, V t) is
finite-time stable with respect to {to, L,d,€,p}, iff « <§ YV t € L implies ||y(t)| < e
Vte L. Here k =max{||¢1(t)|, |lo2(t)]|} and o,€ are positive constants.

3.2 MAIN RESULTS

Theorem 3.2.1. The linear nonautonomous multi-term fractional-order system (3.1.1)

is finite-time stable with respect to {0,¢€, L, a1y}, 6 < €, if

A a1 —a2
{1 +t+ F(|<|341 {t% ey } Ey (r(t) (T(ar — ap)t® 2 + T(aq)t™))
gu(]

€
<
+P(Oél + 1) - 5’

holds. Here Cuo = al#do and Tmax(A) = Omax(B) + 0max(C).

Proof. The solution y(t) of (3.1.1), is given by

/ Atal—OQ A ! a1—ag—1
y(t) = y(0)+ty'(0) — Tloy —on + 1)y(0) + m/o (t—10) y(0)dd
1 t
+ / (t— ) [By(0) + Cy(6 — p) + Du(6)] do. (3.2.2)
I'(a1) Jo
Applying norm on each side of the above solution,
[ A /t —az-1
B < +t || + R L
O < ol + 1ol + o s ol + s [ (=)
1 t
ly(0)]| 46 + —/ (t = 0) 1 [By(8) + Cy(0 — p) + Du(9)]| db.
I'(a1) Jo

(3.2.3)
Also

1By(t) + Cy(t — p) + Dut)| < Bl [yl + ICH [yt = p) || + [ D]] Ju®)]] -
(3.2.4)

Here || B|| denotes the induced norm of B. Also substitute (3.2.4) in (3.2.3),

[ A /t a1
b [ (t— )
F(Oél — Qg + 1) ||¢1H F(Oél — O[Q) 0 ( )

ly@I < llgull +t ol +
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0)|| do L tt 6)||B 0 C 0
<L0)1 90+ g [ (=0 1181 (@) + el (6 = o)
+ I u(6)] @, (325
Now let
)= s [yl ¥ L @)l < =) lyo — )l < =6), 0 < 0.¢]
Then, (3.2.5) becomes
Il JAL [ ot
WO < lonll+ 16l + o s ol + s [ (=)
1 ! a1
<a(0)0+ e [ (6= 0y 18] 26) + ] =(6)
D] u(®)]]
< ol + tloal+ 2 ol + A
! al—as—1 Umax(/\) ! _ pai-1 a1 do ai
/O(t—Q) ()00 + TS /O(t Oy e()d0 +

e 4|
Joul + ool + frer gy 160+ 0, — o

! A) (6%} do
2=l 0)dg + Umax( / 01yt — 0)dh + ——2 "¢,
/0 (1 =000+ Je S [t - ya0 +

(041 + 1)
Here [|u(0)]] < a1y and opmax(B) + 0max(C) is notated by omax(A)
Now for all n € [0,¢],

[A[[ 2 |-A]
< + | ol + P
IOl < ol + 1ol + oo )n¢ I+ 1_&2)
/ 9&1 a2 — 1 9)d9—|— Umax / QC” 1 9)(19
O51udO o
F(O&l -+ 1) ‘

t

¢

(0)=*271 (¢t —0)df and / (0)**~12(t—0)d0 are increasing for t > 0, because
0 0
of increasing of the non-negative function z(t). So

/0 (@)1 — 9)d0 < /0 t(e)ararlz(t — §)do,
/0 Y09y — 0)d0 < /0 t(@)al_lz(t — §)de.

Here

Hence

[ Al
lymIll - < llall + ¢l dall + Tlor —on T )H¢H+ oy — )
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t t
x / gor-ea (4 — g)dg + Tmax) / 011 2(t — 6)d
0

D(aa) Jo
a1, do ai
F(Ozl + 1)
Now
z(t) = sup [ly(n)| SmaX{ sup |ly(n)l, sup IIy(n)ll}
nE[—p,t] n€[—p,0] n€l0,t]
A ¢ Al
< t S LA
< max {oull loal+ ¢loall + g oy 1910+ 5 = oy
t A) t a1y dy
goioa-1(y — g)dg + T / 6112 (t — 0)df + ——v g
| (1= 0)ap+ TS | 0m - 000+ e}
| At Al
— +t + —+ 3.2.6
el 2] Flog —ag +1) 1] (o — az) ( )

/ <t_e>wz1z<e>de+“;“z;<§) [a- a2

The nondecreasing function v(t) is

oft) = lull + £ lloal + I g
F(al — Qg + 1)
and let r(t) = F(CU;A_HQQ) and ro(t) = ”FZ";E[;) From the above notation

A) < olt)+ () /0 (t — 6)™12(6)d0

t
+7o(t) / (t=0)™"2(0)d0 + - o0y o
0

(o1 +1)

Now from the Lemma 1.6.4,

Ol < 2(t) < v()E, (r(1) (Ko — an)t =2 + D))

where r(t) = ri(t) +r2(t), r1(t) = F(Jl{”az), ro(t) = G‘f‘%ﬁ[)\) and v = min {aq, a; — as}.
Now using the F'TS condition,
ol < of1 e 20 B (0 (PG - g 4 D))
- F(Ozl — Qg + 1) 7
OfludO
4 _jon,
F(Oél + 1)

From the condition (3.2.1),
ol <e Vil

Hence, the required result is obtained. O
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Corollary 3.2.1. If a; = 2 and ay = 1, the nonautonomous system defined by
U — A — By(t) + Cy(t — p) + Dult), t € L, }
y(t) = d1(t), y'(t) = ¢2(t), —p <t <0.
Then (3.2.7) is FTS, if
1 2
{1 +t+ —Uma"iA)t } lre} nuo% < g,

holds. Here r(t) = U“‘a’l‘(A) + Umaf(A) and I'(2) = 1. E,—(2) = €.

(3.2.7)

Proof. Using the method of converting the differential equation with initial condition

to Volterra integral equation, the solution of (3.2.7) is given as
t
v) = (0)+ 1/ (0) ~ Aty(0) + A [ yl6)ds
0

+ /t(t —0) [By(0) + Cy(0 — p) + Du(6)] d6. (3.2.8)

Now follow the same technique as in Theorem 3.2.1, the required FTS concept is

obtained. ]

Theorem 3.2.2. The linear autonomous multi-term fractional-order system with
time delay

6 D'y (t) — A§ Di2y(t) = By(t) + Cy(t — p), t € L, }
y(t) = é1(1),y'(t) = ¢a(t); —p <t <0,

is finite-time stable with respect to {0,€, L}, 6 < ¢, if

(3.2.9)

{1 . ('(';“[t&+ - } E, (r(t) (D(a — a2)t™ = + D(a)t1))

<-,Vtel, (3.2.10)

Sl e

holds.

Proof. The solution y(t) of (3.2.9) is given by

xy(0)d0 + ﬁ /0 t(t — 0)™ 1 [By () + Cy(6 — p)] do. (3.2.11)

By taking norm on each sides of above solution (3.2.11),

A - AL [ gy
O < + gl + T oy —ag) J, O
ly@OI < liall + ¢l (o —az +1) Il I'(ar —a2) Jy ( )

X [ly(0)]| d6 + ﬁ /Ot(t — )21 [By(9) +Cy(0 — p)|| do, (3.2.12)
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Also

1By(t) + Cy(t = p)| < Bl ly@OI + ICI[ y(t = )]l - (3.2.13)

Substitute (3.2.13) in (3.2.12),
| A 2~
(Oél — Qg + 1)

||A|| ! - a1—ao—1
ol + s [ (=)

t < t
Il < ol + ol + o o —a

x |ly(6)] d6 + ﬁ /Ot(t =) B ly@)]| + €]l ly(6 — p)Il] 6.
(3.2.14)

Now let

2(t) = sup lyml vt e L, [ly@)] < z(0), [ly(0 = p)|| < 2(6), 0 € [0,1].
nel—p,t
Then, (3.2.14) becomes
[
F(al — Q9 + 1)

xzwxw+—i—ZA<t—ewrﬂmsnzw>+ncnzwnda

||A|| ! - a1—ao—1
ol + ooy [ (¢ =0)

ly@I < llgull +t Il + (1 —a

I'(ax)
[ A tor 72 [[All
WO < sl + e loal + Lo+ AL
! . a1—ag—1 UmaX(A) ! o a;—1
/0 (t—0) (0)d0 -+ xS /0 (t— 6)" 1 2(6)do
_ [ AJ g e [ Al
= Mol + ool + I'(ag —ag +1) lodl -+ (a1 — ay)

t t
/9“1—a2—1z(t—9)d9+0m“(1\>/ 0112 (t — 0)do.
0

[(a1) Jo
Here 0ppax(B) + 0max(C) is notated as omax(A). Note for all n € [0,¢],
[ A 2222 A
< + o]l + R L
ol < Bl + elleall + 5 21 o+ A

0 Tuma(A) [T
gor—o27ly(n — §)dh + —= / 611 z(n — 0)d6.
/ (1= 0)a0+ TS [Tt — )
t t
Here / (0) =21 2(t—0)d6 and / (0)**~12(t—0)d0 are increasing for t > 0, because
0 0

of increasing of the non-negative function z(t). So,

/O ()0 — 0)dg < /0 t(a)al—w—lz(t — 9)dd,
/On(e)al—lz(n —0)do < /Ot(é’)al_lz(t — 6)d.
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Hence
[AJ 2 A
< +1 _
||y(77)|| = ||¢1|| ||¢2|| + F(ozl g+ 1) ||¢1|| + F(Oll — 052)
t A) t
g1y (t — 0)do + T / 012 (t — 6)do.
/ (1 =000+ ZeS) [t
Now
2(t) = sup [yl SmaX{ sup |ly(n)l, sup ||y(77)||}
ne=p:t] nel=p,0] n€0,t]
[AJ 2o A
<
< max {oull, Nl + eloall + 5 oy 1910+ 50 = oy
t A) t
s (1 — g)dg 4 T / 611 2(t — 6)d6
/ (100 + T [t gyan)
Al 27 A
= t 3.2.15
H¢1” + H¢2H + F<a1 g+ 1) H¢1H + F(Ozl — Oég) ( )
t A) t
t— 0] 2(0)dd + Toma / t—0)"12(0)do.
=0t o0+ G [ 0ytao)
Let
A 21—
t) = t 2.1
olt) = lonll+ £ onl + Tt (32.16)
and r(t) = %, ro(t) = JF%:S\) From the above notations,

¢ ¢
z(t) < w(t)+ri(t) / (t — ) =271 2(0)d0 + ro(t) / (t—0)*12(0)do.
0 0
Since v(t) is a nondecreasing function. Hence from the Lemma 1.6.4

ly@I < 2(t) <v®)E, (r(t) (Dlar — az)t™ ™™ + T(en)t™)) ,

where 7(t) = r1(£) +75(t), 11(t) = =2 ro(t) = %ﬁ’;) and v = min {ay, a; — as}.

Now using the F'TS condition,

] e .
ool <8 {1+ e b () (e - a4 D)
Now, from (3.2.10)

ly@ll <e Viel.

This is required result. O
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Corollary 3.2.2. Suppose a; = 2 and oy = 1, the autonomous system defined as

St _ A — By(t) +Cy(t —p), t € L, } (3:2.17)
y(t) = 1),y (1) = ¢2(t); —p <t <0.
Then (3.2.17) is said to be FTS if
{1 +t 4+ M} ArO} < g (3.2.18)
holds. Here
r(t) = Uma’i(““) + "ma’l‘(A) and T(2) = 1, B,_y(2) = ¢,
Proof. The following y(t) is solution of (3.2.17)
o) = y(0)+ /)~ Aty 0) +.4 [ y(0)00
+ /t(t —0) [By(6) + Cy(6 — p)] d6. (3.2.19)
Now proceed the s;me steps as in the Theorem 3.2.1, the result is achieved. O]

Theorem 3.2.3. The linear nonautonomous multi-term fractional-order system with-
out time-delay

6 D y(t) — A Dy(t) = By(t) + Du(t), t € L, }

y(0) = v0,4'(0) = w1, (3.2.20)

is finite-time stable with respect to {0,¢€, L, aqy}, 6 < €, if

Al tor—a2
{1 +t+ F(L [taz = } E, (r(t) (T(ar — aa)t™ = + T(aq)t™))
CuO

€
— 1" < -, Vtel 3.2.21

holds. Here (yo = al#do.

Proof. The solution y(t) of (3.2.20) is given by

Aper—o A
0
M=/ O+

) /0 (t— oyety ()0

y() = y(0) +1y'(0) — T(ar — aa)

1 ¢ 11
e /0 (t — 6)™ [By(8) + Du(6)] d9. (3.2.22)

Applying the norm for the solution of (3.2.20),

A g AL ' gy
B < t Tloy —ay) J, E70
ly@I < iyoll + ¢l + (o —az +1) el + I'(ar —a2) Jy ( )

1 t o1
X [|y(0)] 40 + m/o (t—10) |By(0) + Du(6)]| db. (3.2.23)
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Now (3.2.23) implies

[ R A /t —az-1
B < + ¢ ] + + (= g)en
O < ol + £l + oy Il + 2 =y (=)
1 t _
><||y(9)||d9+—/(t—9)°“ HIBIHyO) + 11D [[u(®)]] do
I'(a1) Jo
(3.2.24)
Now let
z(t) = sup |ly)ll.VteL, ly@)] <=z0), 0e€0,t].
nel—p.t]
Then (3.2.24) becomes
|AJ e A /t o1
il = +t [yl + +———— [ (=)
O < ol + £l + ey ool + 50, =y (€ =9)
1 t o
xz(0)df + /(t—9) HIBI2(0) + D] [[u ()] 4o
I'(a1) Jo
|AJ e A /t a1
< +t + +——" [ (=)l
= ||y0|| ||y1|| P(Oél —Oég—l—l) ||y0” F(O./l —Oég) 0 ( )
Umax(B> ! al— 1 aludO al
() + s /O(t—H) (9)d0+F(a ot
| AJ e / |
= t 2™
ool + #1911+ ey gy ol +
Umax(B) /t _1 alu 0
xz(t —60)do + U —60)dd + ———t*. (3.2.25
Here ||u(0)|] < aq,. Now for all n € [0, ¢],
HAH g 1A
< +1 + -
el < sl + o]+ - >H i+ o o
/9“1 221y — 9d6+ /90‘11 —6)do
a1y do
— 3.2.26
(a4 1) ( )

t t
Here / (9) =271 2(t — §)df and / (0)*'z(t — §)df are increasing with respect to

0 0
t > 0, because of increasing of the non-negative function z(¢). So,

/0 (@12 — 9)d0 < /0 t(@)al_”_lz(t — 0)do,
/0"(9)a1_1z(n —9)do < /Ot(e)al_lz(t — )do.
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Hence from (3.2.27),

A g1 4]
< t
e R R e L LR vrsstms

t t
/0“1_a2_1z(t—«9)d6’+0max<6)/ 012 (t — 0)do
0 0

F(Ozl)
— 1",
F(Oél + 1)
Now
z(t) = sup [ly(n)|| <max{ sup [y, sup [ly(n)l]
n€l—p.t] n€[—p,0] n€l0,t]
[ A 22272 A
< max { , +t + 4+
< mase{ ool ool + ¢l + o s Il + o
t B) t aq do
90”70@712 ‘_ 9 d9 + O'max( / ealflz t— (9 d9—|— ;tal}
/ S N S R vy
[ Al 2222 [[All
= +t + + = 3.2.27
ol + s+ o e ool + (3:221)
t B) t (051 d()
t— )71 2(0)do + Tl / t—0)2(0)d0 + ———t.
=0yt + D [ pytaoan + 20
Let
[ A £ 72
v(t) = +1 + .
(1) = ool + ol + e ol
Also let ri(t) = % and ro(t) = U;‘%ﬁ?). Hence from the above assumptions,

2(t) < v(t)+r1(t)/0(t—9)"1_°‘2_1z(9)d0

t

+79(t) /O (t — ) 12(0)dd + %

Here v(t) is a nondecreasing function. From the Lemma 1.6.4,

IOl < 2(t) < o) E, (r(1) (Ko — an)t® =2 + Ten)e™))

A Omax ]
where r(t) = ri(t)+ra(t), ri(t) = F(OUl_Haz), ro(t) = TE)B) and v = min {ay, a1 — an}.
Now using the F'T'S condition,
| Al 277
F(Oél — Q9 + ].)

£ (3.2.28)

ly@®)| < o {1 +t+ } E, (T(t) (F(al — )t + F(ozl)tc”))

oy dy
F(ozl + 1)
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Now from (3.2.21),
ly(t)]| <e, VteL.

This is required result. O
3.3 NUMERICAL EXAMPLES

Example 3.3.1. Consider the multi-term fractional system

§ DMy (t) — AFDy2y(t) = By(t) + Cy(t — p) + Dul(t),
y(t) =0,y'(t) =0, —p <t <0,

1 0 1 0
where as = 0.75, ag = 1.25, y(t) = (y1,y2)T. Also, A = { 0 1 ], B = [ 0 05 ],

C = { 062 005 ], D = [ (1) ] Now to check the FTS condition with respect to
d=005€e=2 a,=1,v=min{ag, a1 —as} =05 and p =0.1. Then op.(B) =1
and omax(C) = 0.5 implies omax(A) = 1.5. Applying these values to the condition of

Theorem 3.2.1, then the estimated time of FTS isT ~ 0.13.

Example 3.3.2. Consider the multi-term fractional-order system

§DMy(t) — AT D2y (t) = By(t) + Cy(t — p),
y(t) =0,y'(t) =0, —p <t <0,

0 0 0
where s = 0.75, a; = 1.25, y(t) = (y1,92,y3)". Also, A = 0 0 0],
0.04 0.04 0
0 0 1 100
B=|10 =2 0|,C=|0 1 0 |. Now to check the FTS condition with respect
3 0 0 0 01

tod =001, e=1,y=min{oy, o1 — s} = 0.5 and p = 0.1. Then oy (B) = 3 and
Omax(C) = 1 implies omax(N) = 4. Applying the calculated values to the condition of
Theorem 3.2.2, the estimated time of FTS is'T' ~ 1.19.

Example 3.3.3. Consider the multi-term fractional-order control system

6 Diy(t) — AT Diy(t) = By(t) + Du(t), }
y(t) = 0,y'(t) =0,
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—4 1 1
where ay = 0.75, a1 = 1.25, y(t) = (y1,y2,y3)7. Also, A = 1 -3 -2,
1 -2 —4
1 2 1 1
B=1|10050]|,D=|2/|. From the above parameters, om.(A) = 6.3885
3 -1 0 0

and omax(B) = 3.2005. Now, using the condition given in Theorem 3.2.3 with respect
to the values 6 = 0.05, ¢ = 1.5, v = min{ay, a1 — as} = 0.5, then estimated time

T =~ 0.21 of FTS is obtained.



