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CuaPTER - 4

FINITE-TIME STABILITY OF MULTI-TERM IMPULSIVE
NONLINEAR FRACTIONAL-ORDER SYSTEMS WITH TIME
DELAYS

4.1 INTRODUCTION

This chapter discusses the multi-term fractional-order systems with involving impul-
sive effects. In many real world systems such as engineering field, information science,
etc., they meet an experience that a sudden changes in a system at a certain period
during the continuous dynamical process. These types of behaviours modeled by im-
pulsive systems. The concept of impulsive differential equations has briefly shown
in [13, 48]. The solution of such impulsive behavior involved in fractional system is
analyzed in [35]. The stability analysis of fractional-order impulsive control system
have been discussed in [86]. The stability behavior of impulsive fractional system with
constant time-delay was discussed in [92, 94]. The FTS problem has been studied for
nonlinear impulsive integer-order systems by using the method of Lyapunov approach
in [51]. In [39], the FTS of time-delayed fractional systems with involving impulsive
effects is discussed by Gronwall’s approach. Motivated from the above, the analysis
of F'TS behavior for multi-term fractional impulsive systems with constant time-delay
is studied by utilizing the extended form of generalized Gronwall’s inequality. The

impulsive multi-term nonlinear fractional control system described by
6 D y(t) — A §DP2y(t) = By(t) + Cy(t — p) + f(t,y(t)) + Du(t), tel,
Ay(t) = Mu(y(t)), Ay’ (t) = Ne(y(t)), k=1,2,3,....m,
(4.1.1)
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where 0 < ap < 1 < ay < 2. The matrices A, B, C are in R"*" and matrix D in R™*™.
u(t) € R™ describes the control input vector. Here L = [0,T], L' = L — {t1,...,tn}
and 0 = tp < -+ < t, =T < oco. Mg, N, : R" - R" k = 1,2,...,m
Ay(ty) = y(t5) —y(ty,), where y(t;) = lim_,o+ y(tx+€) and y(t; ) = lim - y(tx+e€).
Ay (tx) is defined as same as Ay(t).

(H2): The nonlinearity function f(t,y(t)) : L x R™ — R" satisfies Lipschitz condition
and there exist L; > 0 such that

17y < Lally(@)l, Vi e L, y € R™

Definition 4.1.1. [50, 60] The system described by (4.1.1) is finite-time stable with
respect to {to, L,0,€,p}, iff « <6 and¥Vt € L, |u(t)| < ary implies ||y(t)|| <e, YVt €

L. Here k = max {||¢1(t)|], [|¢2(t)]|} and d, €, aq, are positive constants.

Lemma 4.1.1. [35] Let oy € (0,1] and oy € (1,2]. y(t) satisfies the equation (4.1.1)
iff y(t) satisfies the following integral equation

y(O) + y’(()) Ay(0)t>1—a2 + F(ai(m) fot(t _ 9)al—a2—1y(0)d9

F(al asg+1)
+7 fo )= [By(6) + Cy(0 — p) + f(0,y(0)) + Du(0)]do, t € [0, 1),
y(0 ) v (0) - % + Miy(t7) + Ny () + g ot — )
y(0)df + & (t—60) 1 [By(8) + Cy(0 — p) + f(0,y(6)) + Du(#)] db,
t € [t ta),
y(t) = 4 y(0) +y/(0) — % + Myy(ty) + Ny (t7) + May(t3) + Nay(ts)

i Jo (= )2 Yy (0)d0 + s [t — 0)2 1 [By(6) + Cy(0 — p)
+£(6,y(6)) + Du(6)] 4, t € [tz,tg,)

y(0) +5/(0) = TERC + marman Jo(t — O™ y(B)d0 + T, Miy(ty)
+ 20 Ny () + ey Jo (8= 027 [By(0) + Cy (0 — p) + f(8,y(6))
+Du(6)] db,t € [tm, T).

4.2 MAIN RESULTS

In this section, the stability behavior is analyzed in the finite range of time for the

fractional-order system given in (4.1.1) by finding suitable sufficient conditions.
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Theorem 4.2.1. The nonlinear multi-term fractional-order impulsive time-delay sys-

tem (4.1.1) is finite-time stable, if

Umax<A>tal_a2 s o
J (1 +t+ Moy — an + 1)) Ey {r(t) (T(a; — ao)t +(ar)t™) }
dor1yt™
=YSUREEEY M
Tlor )+ 2 Onax(Met Nyt < Ve € L

0<tr<t

(4.2.1)
holds. Here owmax(A) = Omax(B) + 0max(C) and r(t) = ri(t) + ra(t).

Proof. The solution y(t) of (4.1.1) is obtained from Lemma 4.1.1,

Ay (0)trr—2 A /t g1
+ t— )12 1y(0)do
F(Oél — Q9 + ].) F(Ozl — Oéz) 0 ( ) y< )

y(t) = y(0)+ty'(0) —

) /0 (t = 0)™ " [By(8) + Cy(6 — p) + [(0,y(0)) + Du(0) | a6
+ZMky(tk) + ZNky(tk) (4.2.2)

Taking norm on each side of (4.2.2),
A 27
(g —az+1)

AL gyeraa
ol + fra o | =0

a; —

ly@I < lloull + 2ozl + 5

x |ly(0)]] 46 + ﬁ /0 (t =) |By(8) +Cy(6 — p) + f(6.y(6))

+Du(@)][ 40+ Myl ly )l + D [Nkl lly(E)]l - (4.2.3)
k=1 k=1
Also from the hypothesis (H2),

1By(t) + Cy(t — p) + f(t,y(1)) + Du@)| < (B[ ly@)] + [IClHy(t = pll
+HIE Y@+ DI u@)]
Tmax(B) [y(O)]| + omax(C) [ly(t = p)|
+Lo [y + do [u(®)]], (4.2.4)

IA

where ||D|| < dy and also substitute (4.2.4) in (4.2.3),

Al tor—e2 A ' c1—an—
r 2) Jo

(v —ag +1) (1 —

ly@I < llonll + 2ozl + 3

ly(0)]| d6 + %051)/0 (t = 0)" " [Omax(B) [y (O] + 0wax(C) lly(6 — p)|
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+ Ly [[y(O) + do [u(@) 10 + > 1Ml Hly(tx)ll + D 1Nl ()] -
k=1 k=1
(4.2.5)

Now let

2(t) = sup [ly)l[,VteL, ly@)| <z(00),ly( —p)ll < =(6), 0 €0,t].

TIE[*Pvt]

Then, (4.2.5) becomes

Hy<t)H < ”¢1” +tH¢2H + HAHt ~ H¢ H + ﬂ/ (t_e)Cu*agfl
2) Jo

Doy —ag + 1) oy —

1 t 11
< ly(O)1d6 + 7 /0 (t =) " [Omaz(A)2(0) + L12(8) + docry,] 46
A UMl )l -+ N @) (4.2.6)

where [|u(t)]| < a1y and Omax(A) + Tmax(B) notated as opmax(A).

A 2 T
O < ol +hoal + e ol + o s [ (=0)

Jmax(A) + Ll doalu

XZ(G)de + (W) /0 (t — 9>a1_1 2(9)d0 + mt“l
£ S omM+ N [yt

0<trp<1
[ Al 2222 A /t a1
= +t[|gal| + L[ g
H(blH H¢2” (041 o ) H¢ ” ( ay — 042) 0
Umax(A) + Ll / -1 doalu
—-0)do+ | ——— gt t—0)df + ———t™
e+ (P ) oo e
+ > Tman M+ Ni) ()] - (4.2.7)
0<trp<1

Now for all n € [0,¢],

Atz A "
gl < llgnll +¢ ool + =12 T
( 012) 0

[ —az +1)
xz(n—6)do + (Umar(< ) ;FL1) /O 6112 (i — 0)d6 + F(cé?loiul)tal
+ Y Tman M+ No) [ly(t)l] - (4.2.8)

0<tr<1
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t t

The integrals / (0)* =271 2(t—0)df and / (0)*~'z(t—0)dd are increasing for t > 0,
0 0

since the non-negative function z(t) is increasing. So,

/0”(9)a1_a2_12(n —0)do < /0 (0)1 22 12(¢ — )do),

/0 "0 12y — 0)d0 < /O (O L2(t — )do.

Hence

Al 1= 1AL [ yens
0041 a2
ol < ol + el + e sl + o |

xz(t —0)do + (M) / 0112 (t — 0)do + - doiry o
0

() (a1 +1)
+ D Tmax(My + Ny [ly(e)]l-
0<trp<1
Now
z(t) = sup [ly(n) SmaX{ sup [ly(n), sup [y(n )||}
nel—pit] n€[—p,0] n€l0,t]
HAH??“1 o2 A /t Cas-1
< +t + S| | N fo1—az2
< maX{ 1]l |@1 ]l + ¢ @2 Tlo, Y [ ]] (s — ) o
Umax(A) + Ll) / —1 doam
xz(t—6)d0 + | —————— 0 z(t — 0)d) + ———t™
A(t=0) ( T(ar) 0 =00+ 5 5
£ D7 Cma(Me+ N (8]
O<tr<1
||A|| oo A ' a1—as—1
=l +t ool + o1l + / b=
[1]] + ¢ [[¢2]] To, )H | oy —an) /s (t—90)
UmaX(A) + Ll / a1—1 dOalu
0)do _— t—0)" 0)dg + ———t™
o+ (e > A TR
+ > Omax(Mi + Ni) ly(t)]] - (4.2.9)
0<trp<1
Now let v(t) = ||o1|| + t ||p2|| + H“;l!ta;;i |¢1]| and also take r(t) = F(O‘Jﬁ‘aﬂ,

Omax(A)+L
() = (Z=).
By applying the notations, (4.2.9) becomes

A < o)+ () /0 (£ = 0)™ 1 2(0)d0 + ro(t) /0 (t— 0)™ " 2(0)d0

doaryy,
e A = max(Mp + N, t . 4.2.10
Tt T ogkif (M + Ne) [yt (4.2.10)
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Here, v(t) is nondecreasing function. So apply the Lemma 1.6.4,

ly®I < 2(t) <ot)B, (r(t) (T(en — ag)t™ ™2 + T(an)t™))
doiy

et + Omax(My + Ni) [|y(te)]] - (4.2.11)
F(O&l + 1) 0<152k<1

Here 7(t) = r1(t) + r2(t). Hence

A e
O < (ol + ellall + sl ) £, (0) (e = e
douy
r t — max (M + N, ti)| -
P+ 4 3 o (Mot o) 00
<l
(4.2.12)
Now using the F'TS condition,
A 2o i
< 1 E r — R o
Ol < o (14 e+ ) B () (s - a4 D)
dory,

O ST M+ N [ly(8)] 4.2.13

0<tr<1

and also apply the condition (4.2.1) to the above, it becomes
ly@)l <e ¥V telL

Hence proved. O

Now, the FTS concept has been analyzed for the system (4.1.1), when the impul-

sive weight matrices satisfies 20<tk<t Omax (M, + Ni) < 1.
Theorem 4.2.2. Let us choose ZO<tk<t Omax(My + Ni) < 1. If

Umax(A)ta17a2
0 <1 +t+ I'(a1—az+1) >

1= octot Omax(Mi + N

)ELY {T(t) (T(ag — a)t™ =2 4 F(al)to‘l)}
n doorp t!

[(ar + 1)(1 = > 0oy, <¢ Omax (M + Ny))
then system (4.1.1) is finite-time stable. Here opax(A) = Omax(B) + omax(C) and
r(t) = ri(t) + ro(t).

<e (4.2.14)

Proof. Following the same procedure as in Theorem 4.2.1,

[AJ 2 A /t —as—1
< +t + [ 0
Dl < ol + ¢l + et Il + =
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xz(t — 0)d0 + (#) /Ot "1~ 2(t — 6)do

doorry

4 ™ 4 O'max(Mk + Nk) ||y(tk)|| . (4215)
F(O[l + 1) 0<t2k<1
z(t) = sup |ly(n)|l SmaX{ sup |ly(n)|l, sup ||y(77)||}
NE[—p,t] n€[—p,0] n€0,t]
HAHt"l 2 | A
2(#) < max +t + SE L
® < max{ ol lorl+ ol + oy Wl + 1 = o

! A)+ Ly
X 2=l 0)d9 + (L) / 012 (t — 0)do
A (t—0) ) [

doary,

T maxM N, t }
T+ 1) +OZ Crme(Mic + Ni) [[y(t)|
<tp<1

_ A 2 JAL [ e
= ol + ol + s Il + a2 [ (=)

UmaX(A> + Ll / a1—1 doalu
0)do —_— t—0)™" 0)do + ———t™
x=(0) +< Man) >o( A Py
+ Z Tmax (M, + Ni) [y (te) || - (4.2.16)
O<trp<1
From Zo<tk<t Omax (Mg + Ni) < 1,
Al ter—e
(1= 3 oMt M) WO < ol + el + e el
O<tp<t
||"4|| /t a1—oag—1
+—— t—0)" " 2(0)do
o= /. €0 (0)
UmaX(A)_I'Ll) /t a1—1
+ | ——— t—0)™ 0)do
( Gl [0 e0)
doovyy,
— {1, 4.2.17
F(Oél + 1) ( )
Then
(el + 1 all + et gy )
@) <

(1= Coctpct Oman (Vi + i)
Omax (A)

+
1- 20<tk<t Tmax (M + Nk))r(% — Qg

) /Ot (t—0) """ 2(0)do

(
Tmax(A) + L1 : -
+ ((1 — D 0ct, <t Tmax( M +Nk))F(a1)) /0 (t—6) ' 2(6)dd
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docviy
+ o o, (4.2.18)
(1= Soctyc Tmax(Mi + Ny) )T +1)
Now let
1|4+t po |+ TmaxCATIZE2 g
o) — ( T(ag—ag+1) )7 e £ — Omax (A) and
<1_20<tk<t UmaX(Mk"‘Nk)) (1_20<tk<t Umax(Mk+Nk)>F(Oél—012)
Tg(t) — Jrrlax(A)+Ll

<1720<tk<t UmaX(Mk+Nk)> F(al)

From the above notations,

WOl < =(t) < olt) + ra(t) / (t— )" 2(6)d0 + (1) / (t — 0y 2(0)a9
doalu
(1= ety <t Omax(Mic+ Ne) ) +1)

Since v(t) is a nondecreasing function. Hence, from Lemma 1.6.4 of extended form of

+ tor, (4.2.19)

generalized Gronwall’s inequality,
ly@®l < 2(t) <o) B, (r(t) (M(ar — ap)t™ ™ + T(a1)t™))
d()alu
(1= Coctyer Omas (M + Ni) )Ty +1)
where 7(t) = r1(t) + r2(t) and then

Umax(A)tal_a2
<1 + t + F(a17a2+1) )

(1 - 20<tk<t Omax (M, + Nk))
doalutal
T(on +1) (1 =Ygy ot Omax(Mi + Ni))

_|_

tor, (4.2.20)

ly@®l < ¢ B, {r(t) Doy — ap)t™1—02

+I(an)t™)} + (4.2.21)
Hence from (4.2.14),
ly@)|l <eVteL.

This is the required result.

Corollary 4.2.1. The time-delayed fractional system with the absence of impulsive

effect
§ Dy (t)—AS D2y(t) =By (t)+Cy(t—p) + f(t,y(t))+Du(t),t € L, }(4 2.92)
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s finite-time stable if

g 2o ) Py — ag)e e £ Tage)
Do —a+1)) L 1
doOélutal €
L 4.2.23
(5F(041 + 1) 5’ ( )
where r(t) = r1(t) +1ro(t), r(t) = —FU(Z?X_(Q) and r5(t) = Um;é;\z;rh

Proof. The solution of (4.2.22) in the equivalent form is given by,

Ay(0)t>—e2 A /t a1
+ t— Q)2 0)de
F(Ozl — Q9 + 1) F(O[l — 042) 0 ( ) y( )

/0 (t — )" [By(8) + Cy(6 — p) + £(8.4(8)) + Du(6)] db.
(4.2.24)

y(t) = y(0)+y'(0) -

1
F(Oél)

+

Applying the norm on each sides of (4.2.24),

WOl < Tl + elloal + 2l + s [ - gy
<L0)] 40+ g [ (6= 07 1Bul6) +Cu(o )
+f(0,y(0)) + Du(0)]|| d6. (4.2.25)

Now, from (H2)

1By(t) + Cy(t = p) + f(t,y(1)) + Du@)| < (Bl ly@)] +[IClHy(t = pll
HI &y +IPIHu@)]
Tmax(B) ()]l + omax(C) [ly(t = p)l|
+Laly@ + do lu(®),  (4.2.26)

IN

where || D|| < dy. Now substitute (4.2.26) in (4.2.25), it becomes

Al 1= JAL ') oo
O < ol +theal + e ol + o [ (=6)
L0180+ s [ (6= el B) (0)]
+0e(€) [0 = )| +L1 [0} + i [u(8) ] 06 (4.2.27)

Now let

2(t) = sup |y, vt € L, y(0)] < =(0),[ly(0 — p)|| < 2(0), 0 €0,t].

776[—/)775]
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Then, (4.2.27) becomes

e [ET C—
WO1 < ol + 10l + o s ol + s [ (¢ =0)

/ t (t — 0)* ! [omax (M) 2(0) + Ly 2(0) + dorry,) d6,
(4.2.28)

1
F(Oél)

x |ly(0)]] 46 +

where [|u(t)]| < a1y and Omax(A) + Tmax(B) notated as opmax(A). Then

Ol < onl+ el + e+ p A [ gyerens
(1 O./g) 0

(o —az +1)
x2(0)d6 + (—”m‘"‘}(é\) >+ L 1) /O (t=0)"""2(0)d0 + = (Céflo‘f 1)15”1

A £ e
- 1t + — | 0T
Joul+ 620+ prer sy 10+ e |,

Umax(A) + Ll / -1 doalu
t—0)do 7 - Gt t—0)d0 + ——— ¢,
xz(t=0) *( D(a) >o =00 5

(4.2.29)

Now for all n € [0, 1],

e AL [ o
Il < lorl+ loal+ o s ol + s [0
Umax(A> + Ll al— doam a1
xz(n—6)do + (W) /(; 0 1Z(?7—9)d9+—r(a1+1>t .
(4.2.30)

t t
Here / (0) 27 12(t — 0)dd and / (0)*'z(t — 0)d6 are increasing for ¢ > 0. Since
0 0
the non-negative function z(t) is increasing.

/0 YO0y — 0)d0 < /0 (O) 2L (¢ — 0)do,

77 ¢
/ (0)1 7 2(n — 0)dd < / (0)~12(t — 6)d6.
0 0
Hence, from (4.2.30)

E AL e
il < ol #oal + AL g+ AL [

Umax(A) + Ll) / -1 doalu
xz(t—0)df + | ————— 0 2(t — 0)d) + ———t*,
o (T ) [ o e

z(t) = sup |y(n)l SmaX{ sup |[ly(m)l, sup ly(n )||}

nE[—p,t] n€[—p,0] n€l0,1]
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A 2 AL [ o
t 0051 a2
wax { ol lonll + 02l + o= Il + 50 Z oy |

2(t)

IN

Umax(A) + Ll /t -1 dOalu
t—0)dfg + | ——— [t t—0)df + ——t™
xai =) ( I'(ar) ) 0 A -9) I'(ar +1)
[ Al 2227 A /t a1—az—1
= +t||pa + e (A
Joull+ el + ol + s [ -0)

Umax(A) + L1> /t a1—1 doalu
xz9d0+(— t—0)" " 2(0)df + —— g,
(©) T(ar) i (t—0)""" 2(0) For + 1)
(4.2.31)
Now let o(t) = |||l +t [|f2]l + L2555 (|61 ]| and also take ri(t) = Friils,

ra(t) = (i),
From the above notations, (4.2.31) becomes
t t
) < o)+ () / (= 0) 1 2(0)d0 + ro(t) / (t— 0)™ 1 2(0)d0
0 0
d0051u

Here, v(t) is nondecreasing function. So, from Lemma 1.6.4

a

ly@I < 2(t) <vt)E, (r(t) (Tlar — az)t™ ™ + T(an)t™))

doalu
— 4.2.32
F(Oq + 1) ( )

where 7(t) = r1(t) + ra(t). Hence

A a1 —a2
O < (ol + ehonl + ol S ol ) 2, (0 (e - awpe
a1 doalu al
L)) + iyttt Oglamx(m + Ni) [ly(te) -

Now using the F'T'S condition,

||A|| g a1 —a2 a1
ol < 6 (104 ) B () (T - a4+ D)
doaryy, o
F(Ozl + 1) '

From (4.2.23),
ly@®ll <e V telL

This concludes the proof. O
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Corollary 4.2.2. The nonlinear impulsive time-delay system with oy = 2, ag = 1,

SO A — By(t) + Cy(t — p) + f(t,y(t) + Du(t), te L,
Ay(tk) My (y(t;)), Ay (te) = Ne(y(ty)), k=1,2,....,m, (4.2.33)
s to be finite-time stable, if
max (At () (1t douy t?
5<1+t+%> A0} DO S (M + N [yt < e

0<trp<t

(4.2.34)

where r(t) = r1(t) +12(t), 71(t) = Omax(A) and ro(t) = omax(A) + Ly. Here I'(2) =1,
E

=1(2) = €” and vy = min{a;,q — s} = 1.

Proof. Integrating both sides of (4.2.33),
y(t) = y(0)+y(0) — Ay(0)t + A/O y(0)dd + /0 (t = 0)[By(6) + Cy(0 — p)

+£(0,4(0) + Du(0)]df + > Myy(tr) + > Niy(ty).

k=1 k=1
Now proceed the steps followed in Theorem 4.2.1 and from (4.2.34),

ly(t)|| <e VtelL.
Hence the system (4.2.33) is finite-time stable. [

Note: In the absence of nonlinear term in (4.1.1), the FTS conditions arrived for

linear impulsive system by replacing r(t) = ;(’;‘:;% and 7o(t) = UF%:Y)\)

4.3 NUMERICAL EXAMPLES

Example 4.3.1. The multi-term impulsive fractional delayed system (4.1.1) with the

parameters ay = 1.25, ay = 0.75,

1 0 -2 0 -1 0 1 10
A:[o 0.5}’52[0 0.1}’62[0 —1}’7):{0}’]\4’“ [o 1}’

Ny = {_8'5 _8‘5} and also let f(t,y(t)) = {

Omax(A) = 1, Omax(A) = 3, Omax(Mg + Ng) = 0.5, L1 = 1 and d[) =1. Let 6 = 0.1,
e = 100, ay,, = 1. The aim is to validate the FTS condition (4.2.14) with respect to
{6 =0.1, e =100, ay, =1, p=10.6}. Then by the FTS condition of Theorem 4.2.2,
the estimated time of FTS is T =~ 0.49.

tan h(y; (¢

tan h(ya(t ] Now calculate
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Example 4.3.2. The nonlinear time-delay fractional system (4.2.22) with the pa-
rameters o = 1.25, ap = 0.75, A = {2 0],[5: [ 0 1},C: [_2 0 ],

01 -3 0 0 1.5
0 tan h(y: (¢
D = [ 5 } and also let f(t,y(t)) = { tthEZ;Et;; } Now calculate oypax(A) = 2,

Omax(AN) =5, L1 =1 and dy = 2. Let § = 0.1, e = 10, oy, = 1. The aim is to validate
the FTS condition (4.2.23) with respect to {0 = 0.1, € =10, ay, =1, p=0.4}. Then
by the F'TS condition of Corollary 4.2.1, the estimated time of F'TS isT' = 0.605.



