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CHAPTER - 9

FINITE-TIME STABILITY OF MULTI-TERM NONLINEAR
FRACTIONAL-ORDER SYSTEMS WITH MULTIPLE TIME
DELAYS

5.1 INTRODUCTION

This chapter involved with the study of FTS of multi-term fractional system with
multiple time-delay. The FTS for a fractional-order system with single time-delay in
a state variable have been discussed in [31, 30, 75, 80]. In [24, 34, 64], the stability
concept have been analyzed for various type of integer and fractional systems involving
multiple time delay in state variable. So in this chapter, the aim is to examine the
FTS of fractional systems with multiple Caputo fractional-order and multiple time
delay in a state variable. The linear multi-term fractional-order system with multiple

time-delay described by

6 Dy (t)— A §D*y(t)=Boy(t)+ 32 Biy(t—pi) +Cu(t),t € L=[0,T],

=1 (511)

y(t) = d1(t), y'(t) = ¢o(t), —p <t <0,
where 0 < ap < 1 < a; < 2. Here, the matrices A, B;, ¢ = 0,1,...,n in R™"™ and
matrix C in R™™. u(t) € R™ denoted as control vector, p = max(p1, p2,...,pn), Pi

are positive constants and 7T is either positive or +00. Also, the nonlinear multi-term
fractional-order system defined by
6 D y()=A § Dy (6)=Boy(tH3- Biy(t=pi)+f (£, y () +Cu(t), t € L=[0, T,

i=1 (5.1.2)
y(t) = o1(t), v'(t) = ¢a(t), —p <t <0,
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where the parameters of this system is defined as same in (5.1.1).
(H3) : The function f(¢,y(t)) : L x R" — R" satisfies Lipschitz condition and there
exist K > 0 such that

IF &y < Kly@I, vtel, yeR"

Definition 5.1.1. /50, 60] The system described by (5.1.1) is finite-time stable with
respect to {to, L,0,€,p}, iff « < d andVt € L, |u(t)| < any implies ||y(t)|| <e, V1t e

L. Here k = max{||¢1(t)|], [|¢2(t)]|} and d, €, aq, are positive constants.

5.2 MAIN RESULTS

Theorem 5.2.1. The system (5.1.1), is said to be a finite-time stable, if

O max (A) 1172 }

Py —ap 1) J 27 (10 (Pl = a2)i™ 7% 4 T{)i))

{1+t+

TR R

€
- te L =0T 2.1
Mot <5 VieL=0T1 (521

holds, where 1, = . v(t) = r1(t) +ra(t); 11(t) = 2224 and ry(t) = 70D

Proof. The solution of the system (5.1.1) as follows

A2 A
0
F((l/l—ag—l—l)y( )+

) /Ot(t — )™y (p)dp

y(t) = y(0)+ty'(0) — T — )

+F(L1) /ot@_“)m | Boy(p +;Byu pi) + Cu(p )] dp.
(5.2.2)
Then
O < ol +tleal + pa s 6 ||+% [

Boy( +Zl’>’yu pi) + Culp)

=1

dp.

1 ! a;—1
Ivian+ g [ =)
(5.2.3)

Now

< NBoll ly@1 + D IBill lly(t = pi)l

=1

HlCIH w1 - (5.2.4)

Boy(t +ZByt—pz)+CU()

1=1
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Consider o1 = max Omax(Bi) and 0 = max {omax(Bo), 01} . From this consideration,
1<i<n

IBi|| <oy Vi=0,1,2,...,n. (5.2.5)

From (5.2.5) and (H3), the inequality (5.2.4) becomes,

Boy(t) + Y Biy(t — pi) + Cu(t)

i=1

< olly@®l + Z o lly(t—pi)ll
+e[u@)]l, (5.2.6)

where ||C|| < ¢. Substitute the inequality (5.2.6) in (5.2.3),

Jmax(A)tal_a2
O < llonll+ tlloal + £y

[ = iyl i+ s [ = o i)

ol + el A)

(1 — az)

+ > ollyln—p)ll +clu(wl fdu. (5.2.7)
i=1
Now let

2(t) = sup |y, vt € L, [ly(w)ll < z(), (e = po)ll < 2(p),Vi=1,2,....n,

n€[—pyt]
p € [0,¢.
From (5.2.7), it follows that
Omax (A2 Omax(A)
ly@OI < ol + ¢ ool + Tlar — s + 1) 1] + Ty — aa)
! - a;—ags—1 O'(TL + 1)) ! o a1—1
= mrsaes (Z550) [ s
i COl1q, tal
F(O[l + 1)
o C’-Ina,x(ft)to‘lio‘2 O-max(A)
= |loull + @2l + Moy — g £ 1) ] + Tlon — )
! a1—ag—1 o d O'(?”L + 1)) ! a1—1 _ d
Jometste - au () [t - i
COl1q, a1
oo (5.2.8)

Here ||u(p)]| < a1,. Note for all n € [0, 1],

Omax (A)t*1 72 Omax (A) T a—an—1
F(Oél — o+ 1) H¢1” + F(Oél _ 042) /O (M)
on+1) T a1 CQ1y
xz(n — p)dp + (W) /0 (1) 2(n — p)dp + oy +1)
(5.2.9)

lymll < ol + o=l +

al
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t t
The functions / (u)* > 12(t — p)dp and / (1) 'z(t — p)du are increasing for
Q 0
t > 0, because of increasing of z(t). So

/On(u)““‘”‘IZ(n —p)du < /0 ()7 e (t — p)dp,
/On(u)‘“lzw — p)du < /0 ()~ 2(t — p)dp.

Therefore

Umax(A)tal_a2 Jmax(A)
Iyl < llorl+ ¢ oell + T2 ol + e

/Ot(/ﬁ)al_arlz(t — p)dp + (%) /Ot(u)‘“_lz(t ~ )dp

Cl1q,

— gy e ot
T(ar + 1) ne 0.1

n€[—pyt] n€[—p,0] nel0,t

z(t) = sup Hy(n)HSmaX{ sup [ly(m)]l, Sup] Hy(n)H}

Omax (A)tal_az Omax <A>
max { ol (houll + ¢lgall + T2 s ol + 2

/Ot(u)a1“212(t — p)dp+ (M) /Ot(u)‘“lz(t — p)dp

['(a)
o))

Omax (A)E¥1 72
= t
foul + el + 2 A

/Ot(t — ) () dp + <%) /Ot(t — )™ 2 (p)dp

CQly,

VAN

o] + ozt

(1 — )

e, (5.2.10)

Let

B Omax (A) ¥ 72
o(0) = on] + o] + 2=t

[l

Gmax(-A) _ O'(TL+1)
r(alfag)ﬂ”?(t) = Tla) -

is a nondecreasing function and let ry(t) =

Considering this assumption,

) < ult) + i) / (t— )™ 2 () g+ o) / (t - ) 2(u)dp

L 5.2.11
['(a; +1) ( )
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Hence, apply the Lemma 1.6.4 to the above

a1
9

ly(®ll < 2(2) < o(OF, {r(t) (Tas = )™ + Do) } + p s

where 7(t) = r1(t) + r2(t). Now from the condition of FTS and (5.2.1),
Tmax (A~ _
t < 01+t E t) (I — T2 4T e
ool < 6 (104 2B B o) (0 - g+ Tae))
Chy,

L
F(Ofl + ]_)

From (5.2.1),
ly()l <e,VteL.

Hence proved. O

Theorem 5.2.2. The nonlinear muti-term fractional-order system (5.1.2) is finite-

time stable for {d,¢, L, a1}, 0 <, if

o-ma,x("él)toq7(12 a1—as ay
{1 +t+ Moy — ap 7 1) } E, (r(t) (T(ar — ao)t + T(oy)t™))
T o €
L —— = L.
et Sy YieL=0T  (5212)

holds, where n, = <= r(t) =ri(t) +rao(t); ri(t) = —FU(I;T:(Q) and ro(t) = —KJ;‘E((JIL;FI).

Proof. The solution y(t) of (5.1.2) described by

Ator—o2 A t
0) + =——— t— )2l d
T(ag —ag + 1)” ) (s — ) /0 (t —p) y(p)dp

1 t a1
+F(Oél) /0 = 4)

y(t) = y(0)+ty'(0) —

Boy(i) + Y Biy(p — pi) + f(m (1)) + CU(M)] dp.

=1

(5.2.13)

From the above,

Al ()~
(041 — Qg + 1)

HAH /t o ar1—ao—1
sl + iy =y L 9

ly@I <Nl + el + 5 (o

Boy(u) + Y Biy(p — pi) + f (1 y(1))

i=1

1 t a1
ummwm+f@54u—u>

+Cu(p)||dpe. (5.2.14)
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Now

Boy(t) + Z Biy(t — pi) + f(t,y(t)) + Cu(t)

i=1

< 1Boll Iy @)l + > I1Bil lly(t — i)
i=1

HFE YO+ u@)]]-

(5.2.15)
Consider 0y = max Omax(B;) and 0 = max {omax(By), 01} . This implies
IBi|| <oy Vi=0,1,2,...,n. (5.2.16)

Applying (5.2.16) and (H3) in (5.2.15),

Boy(t) + Z Biy(t — pi) + f(t,y(t)) + Cu(t)

=1

< ally@l + Z a[ly(t = pill

K |y + e Ju@)]),

(5.2.17)
where [|C]| < ¢. Substitute (5.2.17) in (5.2.14),
Umax(A)tal_a2 Umax(A)
t < t _—
O < lnl + ol + FEE o+ et

L= s 5 [ = {o ol

+ > o lly(u—p)l + Kyl + ¢ llulu)] }du- (5.2.18)

=1

Now let

2(t) = sup |y, vt € L, [ly(w)ll < z(w), (e = po)ll < 2(p), Vi =1,2,....n,

TIE[*Pyt]
p € [0,¢.
From (5.2.18), it follows that

Omax (A1 72
Iyl < lé1ll +tleall + Tlar — s + 1)

UmaX(A) ! a1 —Qag—
|’¢1||+F—W/o(t_u) !

(a1

. O—ma><(~/4)tal_a2 OmaX(A) /t ap—ag—1
- ||¢1|| +t||¢2” + F(Oél — oyt 1) ||¢1” + F(Ozl — OZQ) 0 (/”L)

X z(t — p)dp + (%) /0 () z(t — p)du + %t“l.
(5.2.19)
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Here ||u(p)]| < aq,. Note for all n € [0, 1],

o < ol + el + T o+ ==t
/On(ﬂ)al—w—lz(n — p)dp+ (%) /On(u)‘“‘lzw — p)dp
+%tal. (5.2.20)

t t
Functions / ()21 2(t — p)dp and / (p1)** 1 2(t — p)du are increasing for ¢ > 0,
0 0

because z(t) is an increasing function.

Lot =i < [ et — wan
/On(u)‘”‘IZ(n — p)du < /0 (1)~ 2 (t — p)dp.

Therefore

e (A 0102 G (A)
Iyl < Norll+ ¢ hoall + T ol + e

[ et - s (W) [t

0

COl1q,
—t*, V€ |0,t].
Fon + 1) n € [0,]
Hence
2t) = sup |lym)| < maxq sup [ly(n)ll, sup [ly(n)ll
WE[—Pat] 776[_070] 776[ t
UmaX(A)to“ o2 Omax(A)
< t -
< max { ol (ol +2lloall + G2 5 lonll + e
t o — v cn+1)+ K o
/(u) et — p)dp o+ <¥>/(u) et — p)dp
0 I(on) 0
CQly,
_ e
T+ 1) )}
max(A)tal a2 UmaX(A)
= +t + _—max\"H)
ol + el + 22 gy 4 Pt
! o on+1)+ K\ [* oy
= e+ (L) = wmzan
0 [(on) 0
COly
M 5.2.21
T+ 1) (5.2.21)
Let v(t) = |lo1]| + t|lo=| + % |¢1]| is a nondecreasing function and let

Omax A o(n+1 K
ri() = Fetl (1) = 2R
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From the above notations, z(t) becomes

A8 < o(t)+ () / (t — )™ 2 () dp + rat) / (t — )™ 2(e)dp

CQly,
4 g 5.2.22
F(oq -+ 1) ( )
Now applying the Lemma 1.6.4 to (5.2.22), hence
— CQy,
) <z2(t) <v()E t)(I' — )t 4+ T ! — 1"
Jo6)) < 2(6) < o, {r(8) (Do = aa)t™ " 4 Dlen)i™)} + st

(5.2.23)
where r(t) = r1(t) + r2(t). Now applying F'TS condition,

max A)tar—a2 a1 —oo a;
;‘(al(— )0424-1 ) Ey {r(t) (D(ar — o)t + Doy)t*) }

ool < (1t
COl1y
Tlar+1)

From (5.2.12),

gy

lly(t)|| <eVtelL.

This completes the proof. O

Corollary 5.2.1. If a; = 2 and ay = 1, the system (5.1.2) with multi state time
delay is given by

dt2 Ady - BOy( ) + Z B y( pz) + f(t7 y(t)) + Cu(t)7 te L,

(5.2.24)
y(t) = (1), y'(t) = ¢2() —p<t<0.
The given system (5.2.24) is FTS for {d,¢, L, a1y, p}, § <€, if
{14t + T (A} O (47) 772t2§§, VieL=0,T) (5.2.25)

holds, where n, = <G, r(t) = ri(t) +ra(t), 71(t) = Omax(A),m2(t) =c(n +1) + K.
Proof. The solution of (5.2.24) is given by,

t
o) = v0)+ /)~ Aty0) + 4 [ i+ [ 6= Bt +26y pp)

(s (1)) + Culp) | dp (5.2.26)

Applying norm on each sides of (5.2.26),

ly@I < HM+t\|¢2H+!IAIW\¢1H+H«4H/O Hy(u)Hdqu/o(t—u)
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X H)Boy(u) + By — i) + fly(p) + CU(M)H] dp.
i=1
Now proceeding the steps followed as in Theorem 5.2.2,

2(t) < ||¢1||+t||¢2||+0max(«4)t||¢1||+0max(«4)/oZ(u)dﬂ
t2

t
+(o(n+1)+ K) / (t = m)=(0)dn + con - (5.2.27)
0
Now let the nondecreasing function v(t) as v(t) = ||¢1]| +t ||p2]| + Omax(A) ||¢1]] and
also let 71(t) = omax(A), m2(t) = o(n+1) + K.

Now utilizing above notations in (5.2.27),
2

{) < olt)+ () /Otz(u)du+r2(t) /Ot@— W)+ o (5.2.28)

From Lemma 1.6.4,
t2
Iyl < () < o), {r(t) (PO + D))} + can, (5.2.29)
where r(t) = ri(t) + ro(t) and v = min{1,2} = 1 and F(z) = ¢*. Now from the
condition of FTS

t2
Hy<t)H < 0 (1 +1+ Umax(A)t) eT(t)(H_tQ) + COéluE.
Hence
ly(t)]| <e, Vte L (5.2.30)
This completes the proof. n

5.3 NUMERICAL EXAMPLE

Example 5.3.1. Consider the multi-term fractional-order multi state time delay

system (5.1.2) with oy = 1.25, ap = 0.75,
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2 siny (t)
C = | 0| and also take the nonlinear term f(t,y(t)) = | sinys(t) |. Then cal-
1 sin y3(t)

culate omax(A) = 9.7843, 0max(Bo) = 11.0497, 0pmax(B1) = 7.1136 and opax(B2) =
9.1027. Hence 0 = 11.0497. K =1 and ¢ =2. Let 6 = 0.1, e = 100, a1, = 1.

The aim is to validate the FTS condition (5.2.12) for {§ = 0.1,e¢ = 100, ay,, =
1,p1 = 0.1,p5 = 0.01}. Then by the FTS condition of Theorem 5.2.2, the estimated
time is T, =~ 0.10001.



