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A B S T R A C T

In this paper, we explore the property of being a cordial graphic and establish that it corresponds
to an Alexandroff topological space. We analyze how the characteristics of cordial graphs align
with the principles of Alexandroff topology and provide insights into their topological structure.

. Introduction and preliminaries

An Alexandroff space is a topological space in which arbitrary intersection of open sets is open. This space was first introduced
y P. Alexandroff [1] in 1937 under the name of Diskrete Raume. Finite spaces are special case of Alexandroff space. In the eighties,
he interest in Alexandroff space was a consequence of the very important role of finite spaces in digital topology and the fact that
hese spaces have all the properties of finite spaces relevant for such theory. The investigation of topology on graphs is inspired
y the representation of the digital image using a graph model. The points of the image and the connectivity between them are
epresented by the vertices and edges of the graph respectively. Therefore, topological properties of the digital images can be studied
hrough topologies on the vertices of graphs.

The Alexandroff topology that was introduced in [2,3] on a graph G is a topology on the vertex set 𝑉 of a graph 𝐺 by declaring
ubsets of 𝑉 as ‘‘open’’ so that a subset of 𝑉 is topologically connected if and only if it is connected in 𝐺.

In 2015, Shokry [4] discussed a new method to generate topology on graphs built on the choice of the distance between two
ertices. He indicated that this method can be applied in the graph of airline connections to determine the distance between two
ertices that gives the least number of flights required to travel between two cities.

D. Sasikala et al. introduced basic notions of CG-lower and CG-upper approximation in cordial topological space, studied the
roperties of which exhibit the characterization of a j-open set inbi-Alexandroff topological space and showed the relationship
etween cordial graphic topological space and its uses in the blood circulation of the human kidney [5–9].

Omar Abu Arqub et al. investigated a new approach to solving fuzzy M-fractional integrodifferential models under strongly
eneralized differentiability using an innovative formulation of the characterization principle and a new tool for solving uncertain
-fractional differential problems under firmly generalized differentiability [10,11].

Salih Djilali et al. proposed an age-structured prey–predator model with infection developed in the prey population and analyzed
strong theoretical foundation for using the SIR model with nonlocal diffusion and treat-age effect in practical applications, such
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as designing effective treatment strategies and public health policies to control infectious diseases also studied global dynamics of
a susceptible–vaccinated–infected–recovered model that incorporates nonlocal diffusion [12–14].

Salih Djilali et al. investigated the global threshold dynamics of a hybrid viral infection model, with the assumption that all
arameters are space dependent and a super diffusive resource-consumer system with hunting cooperation functional response. Also
tudied the asymptotic analysis of spatially heterogeneous viral transmission, incorporating cell-to-cell transmission, virus nonlocal
ispersal, and intracellular delay [15–18].

Hence the application of these tools motivated us to analyze Alexandroff space on cordial graphs.

efinition 1.1 ([19]). A mapping 𝑓 ∶ 𝑉 (𝐺) → {0, 1} is called binary vertex labeling of 𝐺 and 𝑓 (𝑣) is called the label of the vertex
𝑣 of G under 𝑓 .

The induced edge labeling 𝑓 ∗ ∶ 𝐸(𝐺) → {0, 1} is given by 𝑓 ∗(𝑒 = 𝑢𝑣) = |𝑓 (𝑢) − 𝑓 (𝑣)|. Let us denote 𝑣𝑓 (0), 𝑣𝑓 (1) be the number
of vertices of 𝐺 having labels 0 and 1 respectively under 𝑓 and 𝑒𝑓 (0), 𝑒𝑓 (1) be the number of edges of 𝐺 having labels 0 and 1
espectively under 𝑓 ∗.

efinition 1.2 ([19]). A binary vertex labeling of a graph 𝐺 is called a cordial labeling if |𝑣𝑓 (0) − 𝑣𝑓 (1)| ≤ 1 and |𝑒𝑓 (0) − 𝑒𝑓 (1)| ≤ 1.
graph 𝐺 is called cordial if it admits labeling.

efinition 1.3 ([19]). A binary vertex labeling of a graph 𝐺 with induce edge labeling 𝑓 ∗ ∶ 𝐸(𝐺) → {0, 1} defined by 𝑓 ∗(𝑢𝑣) =
𝑓 (𝑢) + 𝑓 (𝑣)|(𝑚𝑜𝑑2) is called sum cordial labeling if |𝑣𝑓 (0) − 𝑣𝑓 (1)| ≤ 1 and |𝑒𝑓 (0) − 𝑒𝑓 (1)| ≤ 1. A graph 𝐺 is called sum cordial if it
dmits sum cordial labeling.

efinition 1.4 ([6]). Let 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) be a simple graph with sum cordial labeling and without isolated vertex. Define 𝑆0𝐺
nd 𝑆1𝐺 as follows. 𝑆0𝐺 = {𝐴𝑣(0)|𝑣 ∈ 𝑉 } and 𝑆1𝐺 = {𝐴𝑣(1)|𝑣 ∈ 𝑉 } such that 𝐴𝑣(0) and 𝐴𝑣(1) is the set of all vertices adjacent to 𝑣 of

having label 0 and 1 respectively. Since 𝐺 has no isolated vertex, 𝑆0𝐺 ∪ 𝑆1𝐺 forms a subbasis for a topology 𝜏𝐶𝐺 on 𝑉 is called
Cordial graphic topology of 𝐺 and it is denoted by (𝑉 , 𝜏𝐶𝐺).

Definition 1.5 ([6]). Let 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) be a simple graph with sum cordial labeling and with out isolated vertex. Define 𝑆𝐸(0𝐺)
and 𝑆𝐸(1𝐺) as follows. 𝑆𝐸(0𝐺) = {𝐼𝑒(0)|𝑒 ∈ 𝐸} and 𝑆𝐸(1𝐺) = {𝐼𝑒(1)|𝑒 ∈ 𝐸} such that 𝐼𝑒(0) and 𝐼𝑒(1) is the incidence vertices having
label 0 and 1 respectively. Since 𝐺 has no isolated vertex, 𝑆𝐸(0𝐺) ∪𝑆𝐸(1𝐺) forms a subbasis for a topology 𝜏𝐶𝐼 on 𝑉 is called cordial
incidence topology of 𝐺 and it is denoted by (𝑉 , 𝜏𝐶𝐼 ).

2. Necessary or sufficient condition for Alexandroff topological spaces to be cordial graphic

In this section, we study that the property of being cordial graphic is a Alexandroff topological space. An Alexandroff topological
space (𝑉 , 𝜏) is called cordial graphic topological space, if there exists some sum cordial graph 𝐺(𝑉 ,𝐸) without isolated vertex, such
that 𝜏 = 𝜏𝐶𝐺

Theorem 2.1. Let (𝑉 , 𝜏𝐶𝐺) be a cordial graphic topological space and 𝑈𝐶𝐺(𝑢) be the intersection of all open sets containing 𝑢 and smallest
open set, for each 𝑢 having the label 0 or 1 in 𝑉 . Then 𝑈𝐶𝐺(𝑢) ≠ 𝑉 . In particular for each 𝑢 having the label 0 or 1, such that {𝑢} ≠ 𝑉 .

Proof. Let 𝐺 be a sum cordial graph without isolated vertex. Then from the definition of cordial graphic topological space, we have
𝜏𝐶𝐺 = 𝜏 on 𝑉 . Let us take 𝑢 ∈ 𝑉 , where 𝑢 having the label 0 or 1. Since 𝐺 is a sum cordial graph and has no isolated vertex, thus
we have 𝐴𝑢 ≠ ∅ and 𝐴𝑐

𝑢 ≠ 𝑉 . Since {𝑢} ⊆ 𝑈𝐶𝐺(𝑢) ⊆ 𝐴𝑐
𝑢 and 𝐴𝑢 ⊆ 𝑈𝐶𝐺(𝑥), which implies that 𝑈𝐶𝐺(𝑢) ≠ 𝑉 . □

Example 2.2. Let 𝐺 = (𝑉 ,𝐸) be a sum cordial graph with 𝑉 = {𝑤, 𝑥, 𝑦, 𝑧} and 𝐸 = {𝑒1, 𝑒2, 𝑒3}.

Here 𝐴𝑥(0) = {𝑦}, 𝐴𝑦(0) = {𝑥, 𝑧}, 𝐴𝑧(1) = {𝑤, 𝑦}, 𝐴𝑤(1) = {𝑧} 𝑆0𝐺 = {{𝑦}, {𝑥, 𝑧}} and 𝑆1𝐺 = {{𝑤, 𝑦}, {𝑧}} 𝑆0𝐺 ∪ 𝑆1𝐺 =
{{𝑦}, {𝑥, 𝑧}, {𝑤, 𝑦}, {𝑧}}. Then 𝜏𝐶𝐺 = {𝑉 , ∅, {𝑦}, {𝑥, 𝑧}, {𝑤, 𝑦}, {𝑧}, {𝑥, 𝑦, 𝑧}, {𝑦, 𝑧}, {𝑤, 𝑦, 𝑧}} and 𝜏𝑐𝐶𝐺 = {𝑉 , ∅, {𝑥,𝑤, 𝑧}, {𝑤, 𝑦}, {𝑥, 𝑧},
𝑤, 𝑦, 𝑥}, {𝑤}, {𝑥,𝑤}, {𝑥}} Thus we have, 𝑈𝐶𝐺(𝑥) = {𝑥, 𝑧} ⇒ 𝑈𝐶𝐺(𝑥) = {𝑥, 𝑧} 𝑈𝐶𝐺(𝑦) = {𝑦} ⇒ 𝑈𝐶𝐺(𝑦) = {𝑦,𝑤} 𝑈𝐶𝐺(𝑧) = {𝑧} ⇒
𝑈𝐶𝐺(𝑧) = {𝑥, 𝑧} 𝑈𝐶𝐺(𝑤) = {𝑤, 𝑦} ⇒ 𝑈𝐶𝐺(𝑤) = {𝑤, 𝑦}

Hence, {𝑤} = {𝑤}, {𝑥} = {𝑥}, {𝑦} = {𝑤, 𝑦} and {𝑧} = {𝑥, 𝑧}
Thus 𝐺 satisfies the condition.
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Remark 2.3. The converse of the above theorem is not true which is shown in the following example.

Example 2.4. Let 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4} and 𝜏 = {𝑉 , ∅, {𝑣1}, {𝑣4}, {𝑣1, 𝑣2},
{𝑣1, 𝑣3}, {𝑣1, 𝑣4}, {𝑣1, 𝑣2, 𝑣3}, {𝑣1, 𝑣2, 𝑣4}, {𝑣1, 𝑣3, 𝑣4}} 𝑈𝑣1 = {𝑣1}, 𝑈𝑣2 = {𝑣1, 𝑣2}, 𝑈𝑣3 = {𝑣1, 𝑣3}, 𝑈𝑣4 = {𝑣4}

Then 𝜏𝑐 = {𝑉 , ∅, {𝑣2, 𝑣3, 𝑣4}, {𝑣1, 𝑣2, 𝑣3}, {𝑣3, 𝑣4}, {𝑣2, 𝑣4}, {𝑣2, 𝑣3}, {𝑣4}, {𝑣3}, {𝑣2}} 𝑈𝑣1 = {𝑣1, 𝑣2, 𝑣3}, 𝑈𝑣2 = {𝑣1, 𝑣2, 𝑣3}, 𝑈𝑣3 =
{𝑣1, 𝑣2, 𝑣3}, 𝑈𝑣4 = {𝑣4}

Here, For the vertex 𝑣1 ⇒ 𝑈𝑣1 = {𝑣1} = {𝑣1, 𝑣2, 𝑣3} ≠ 𝑉
For the vertex 𝑣2 ⇒ 𝑈𝑣2 = {𝑣1, 𝑣2} = {𝑣1, 𝑣2, 𝑣3} ≠ 𝑉
For the vertex 𝑣3 ⇒ 𝑈𝑣3 = {𝑣1, 𝑣3} = {𝑣1, 𝑣2, 𝑣3} ≠ 𝑉
For the vertex 𝑣4 ⇒ 𝑈𝑣4 = {𝑣4} = {𝑣4} ≠ 𝑉 and
For the vertex 𝑣1 ⇒ {𝑣1} = {𝑣1, 𝑣2, 𝑣3} ≠ 𝑉
For the vertex 𝑣2 ⇒ {𝑣2} = {𝑣2} ≠ 𝑉
For the vertex 𝑣3 ⇒ {𝑣3} = {𝑣3} ≠ 𝑉
For the vertex 𝑣2 ⇒ {𝑣1} = {𝑣4} ≠ 𝑉
Hence (𝑉 , 𝜏) satisfies the above condition but it is not cordial graphic.

Theorem 2.5. Let (𝑉 , 𝜏) be finite Alexandroff topological space and for each 𝑢 ∈ 𝑉 and 𝑃𝐶𝐺(𝑢) be the smallest open set containing 𝑢. If
for each 𝑢, 𝑣 ∈ 𝑉 such that 𝑃𝐶𝐺(𝑢) = 𝑃𝐶𝐺(𝑣) or 𝑃𝐶𝐺(𝑢) ∩ 𝑃𝐶𝐺(𝑣) = ∅ then (𝑉 , 𝜏) is cordial graphic topological space.

Proof. Let us construct the sum cordial graph 𝐺 = (𝑉 (𝐺), 𝐸(𝐺)) as follows, {𝑢, 𝑣} ∈ 𝑉 if and only if 𝑃𝐶𝐺(𝑢) ∩ 𝑃𝐶𝐺(𝑣) = ∅, for every
𝑥 ∈ 𝑉 having the label 0 or 1.

Let 𝑈𝐶𝐺(𝑢) be the intersection of all open set containing 𝑢 and 𝐴𝑢 be the set of all adjacent vertices to 𝑢 in 𝐺. We have to prove
that 𝜏 = 𝜏𝐶𝐺 but it is enough to prove that 𝑈𝐶𝐺(𝑢) = 𝑃𝐶𝐺(𝑢).

Let 𝑥 ∈ 𝑉 then we have 𝐴𝑣 = {𝑡 ∈ 𝑉 |𝑃𝐶𝐺(𝑣) ∩ 𝑃𝐶𝐺(𝑡) = ∅}, for each 𝑣, 𝑡 having the label 0 or 1 in 𝑉 . ⇒ 𝑣 ∈ 𝑈𝐶𝐺(𝑢) ⇔ 𝐴𝑢 ⊆
𝐴𝑣 ⇔ {𝑡 ∈ 𝑉 |𝑃𝐶𝐺(𝑢) ∩ 𝑃𝐶𝐺(𝑡) = ∅} ⊆ {𝑡 ∈ 𝑉 |𝑃𝐶𝐺(𝑣) ∩ 𝑃𝐶𝐺(𝑡) = ∅}

Suppose, let us take 𝑣 ∈ 𝑈𝐶𝐺(𝑢)𝑃𝐶𝐺(𝑢), then 𝑃𝐶𝐺(𝑢) ∩ 𝑃𝐶𝐺(𝑣) = ∅, otherwise 𝑃𝐶𝐺(𝑢) = 𝑃𝐶𝐺(𝑣) and so 𝑣 ∈ 𝑃𝐶𝐺(𝑢), which is
contradiction. So 𝑣 ∈ 𝐴𝑢 but 𝐴𝑢 ⊆ 𝐴𝑣 and hence 𝑣 ∈ 𝐴𝑣, which implies it is contradiction. Thus 𝑈𝐶𝐺(𝑥) ⊆ 𝑃𝐶𝐺(𝑢).

Conversely, if 𝑣 ∈ 𝑃𝐶𝐺(𝑢), then 𝑃𝐶𝐺(𝑢) = 𝑃𝐶𝐺(𝑣). Therefore if 𝑡 ∈ 𝐴𝑢 for some 𝑡 ∈ 𝑉 having the label 0 or 1, then 𝑃𝐶𝐺(𝑢)∩𝑃𝐶𝐺(𝑡) = ∅
and so 𝑃𝐶𝐺(𝑣) ∩ 𝑃𝐶𝐺(𝑡) = ∅, this implies that 𝑡 ∈ 𝐴𝑣 and so 𝐴𝑢 ⊆ 𝐴𝑣. Hence 𝑣 ∈ 𝑈𝐶𝐺(𝑢). □

Example 2.6.Let us consider the finite Alexandroff topological space, 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6} with the topology 𝜏 = {𝑉 , ∅, {𝑣2, 𝑣5}, {𝑣1, 𝑣3}
{𝑣1, 𝑣6, 𝑣4}, {𝑣5, 𝑣3}, {𝑣2, 𝑣4, 𝑣6},
{𝑣1, 𝑣2, 𝑣5, 𝑣3}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6}, {𝑣2, 𝑣3, 𝑣5}, {𝑣2, 𝑣4, 𝑣5, 𝑣6},
{𝑣1, 𝑣3, 𝑣4, 𝑣6}, {𝑣1, 𝑣3, 𝑣5}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6},
{𝑣1, 𝑣2, 𝑣4, 𝑣6}, {𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6}, {𝑣5}, {𝑣2}, {𝑣1}, {𝑣3}, {𝑣4, 𝑣6}}.

Here, 𝑃𝐶𝐺(𝑣1) = {𝑣1}, 𝑃𝐶𝐺(𝑣2) = {𝑣2}, 𝑃𝐶𝐺(𝑣3) = {𝑣3}, 𝑃𝐶𝐺(𝑣4) = {𝑣4, 𝑣6},
𝑃𝐶𝐺(𝑣5) = {𝑣5}, 𝑃𝐶𝐺(𝑣6) = {𝑣4, 𝑣6}

Thus every 𝑢, 𝑣 ∈ 𝑉 satisfies the condition 𝑃𝐶𝐺(𝑢) = 𝑃𝐶𝐺(𝑣) or 𝑃𝐶𝐺(𝑢) ∩ 𝑃𝐶𝐺(𝑣) = ∅
From given 𝜏 we have the following subbasis, 𝑆 = {{𝑣2, 𝑣5}, {𝑣1, 𝑣3}, {𝑣1, 𝑣6, 𝑣4}, {𝑣5, 𝑣3}, {𝑣2, 𝑣4, 𝑣6}},
From the subbasis we can construct the graph as follows,

Here 𝑣𝑓 (0) = 3, 𝑣𝑓 (1) = 3 and 𝑒𝑓 (0) = 4, 𝑒𝑓 (1) = 3.
So we have, |𝑣𝑓 (0) − 𝑣𝑓 (1)| ≤ 1 and |𝑒𝑓 (0) − 𝑒𝑓 (1)| ≤ 1,
Hence the graph admits sum cordial labeling and also, 𝐴𝑣1 (1) = {𝑣2, 𝑣5}, 𝐴𝑣2 (1) = {𝑣1, 𝑣3}, 𝐴𝑣3 (0) = {𝑣2, 𝑣4, 𝑣6},

𝐴𝑣4 (0) = {𝑣5, 𝑣3}, 𝐴𝑣5 (1) = {𝑣1, 𝑣4, 𝑣6}, 𝐴𝑣6 (0) = {𝑣5, 𝑣3}, 𝑆0𝐺 ∪ 𝑆1𝐺 = {{𝑣2, 𝑣5}, {𝑣1, 𝑣3}, {𝑣1, 𝑣6, 𝑣4}, {𝑣5, 𝑣3}, {𝑣2, 𝑣4, 𝑣6}}, 𝜏𝐶𝐺 =
{𝑉 , ∅, {𝑣2, 𝑣5}, {𝑣1, 𝑣3}, {𝑣1, 𝑣6, 𝑣4}, {𝑣5, 𝑣3}, {𝑣2, 𝑣4, 𝑣6},
{𝑣1, 𝑣2, 𝑣5, 𝑣3}, {𝑣1, 𝑣2, 𝑣4, 𝑣5, 𝑣6}, {𝑣2, 𝑣3, 𝑣5}, {𝑣2, 𝑣4, 𝑣5, 𝑣6},
{𝑣1, 𝑣3, 𝑣4, 𝑣6}, {𝑣1, 𝑣3, 𝑣5}, {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣6}, {𝑣1, 𝑣3, 𝑣4, 𝑣5, 𝑣6},
{𝑣 , 𝑣 , 𝑣 , 𝑣 }, {𝑣 , 𝑣 , 𝑣 , 𝑣 , 𝑣 }, {𝑣 }, {𝑣 }, {𝑣 }, {𝑣 }, {𝑣 , 𝑣 }}.
1 2 4 6 2 3 4 5 6 5 2 1 3 4 6
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Thus graph admits cordial graphic topological space.

emark 2.7. The converse part of the above theorem is not true which is shown in the following example.

Example 2.8. Let us take 𝑉 = {𝑣1, 𝑣2, 𝑣3, 𝑣4}, and 𝜏 = {𝑉 , ∅, {𝑣2}, {𝑣3},
𝑣1, 𝑣3}, {𝑣2, 𝑣4}, {𝑣2, 𝑣3}, {𝑣1, 𝑣2, 𝑣3}, {𝑣2, 𝑣3, 𝑣4}}
From this we get 𝑃𝐶𝐺(𝑣1) = {𝑣1, 𝑣3}, 𝑃𝐶𝐺(𝑣2) = {𝑣2}, 𝑃𝐶𝐺(𝑣3) = {𝑣3},

𝑃𝐶𝐺(𝑣4) = {𝑣2, 𝑣4}
Here, the above conditions are not satisfied, since 𝑃𝐶𝐺(𝑣2) ∩ 𝑃𝐶𝐺(𝑣4) ≠ ∅ and 𝑃𝐶𝐺(𝑣2) ≠ 𝑃𝐶𝐺(𝑣4).
Therefore, (𝑉 , 𝜏) does not satisfies the condition. But from 𝜏 we have construct the subbasis 𝑆 = {{𝑣2}, {𝑣1, 𝑣3}, {𝑣2, 𝑣4}, {𝑣3}}
From subbasis we can construct the graph as follows,

Here, 𝐴𝑣1 (1) = {𝑣2}, 𝐴𝑣2 (1) = {𝑣1, 𝑣3}, 𝐴𝑣3 (0) = {𝑣2, 𝑣4}, 𝐴𝑣4 (0) = {𝑣3} 𝑆0𝐺 ∪ 𝑆1𝐺 = {{𝑣2}, {𝑣1, 𝑣3}, {𝑣2, 𝑣4}, {𝑣3}}
Hence from the subbasis we get 𝜏𝑆𝐺 = {𝑉 , ∅, {𝑣2}, {𝑣3}, {𝑣1, 𝑣3}, {𝑣2, 𝑣4}, {𝑣2, 𝑣3}, {𝑣1, 𝑣2, 𝑣3}, {𝑣2, 𝑣3, 𝑣4}}
Thus the graph admits cordial graphic topology.
Hence (𝑉 , 𝜏) does not satisfies the condition stated above but it is cordial graphic topology.

Conclusion

This paper demonstrates that the property of being a cordial graph can be effectively understood and analyzed through the
framework of Alexandroff topological spaces. By leveraging the unique characteristics of these topological spaces, we have provided
new insights into the study of cordial graphs.

Data availability

No data was used for the research described in the article.
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